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à Que jf Lau pat, Cl à Jin 5 üf À SUR, Su de 
de AY sal tt LMI ce dell LS y We ri 3 
gl U lb re lus du ju 2e Lele OUT Jf ou 26e pair OÙ 
ddl, SSI y Hall ei Us oj& lbs o55>5 399 05139 oh 
Su 3 Qt de Us dub, 18515 less 28 Qi ti LA G>s 
CU Of us 5 5 Jet ges + Las lies Los LUS Le ms Lyalasel 0Ÿ, 
Lt ge AM a OT Les Les let st 2, al pli ab dos 
pad Éd dis Addlis & dl ghells Lo sde à Lente Ludid pli 
Sais LL co cat doles V ps QUE qu salle DEA ds ge de 5 7e 
. OL) Les 
sg 8 Lo DS bb G Gels AM cu Daudi jalll aie dj 
ait Qi SNL 5,2 du dl aei Le ébs Ya o! as ce les 
SUN dj al Jädb GUY wie 455 LT eËs 2H Les di Je 
Go AN JS 455 Gad pie Ji él ASŸl, N des à Si 
ü,, Le ui ble ge LG eee Jai 345 je ljlaal lib 2 a 


Uu, W15,1 test Qt, pee ab, SAS, sa Jet &26 ds ge a — 1 
. Bob cb, plyl ÿ Suis soil dote EU, Le Lall, à el ss 
Etes 6 pal ll pull LE 5 do Le SUV ob di à Al ee ae 3 8 a 0 
6 don ôes ail Ji dé Gs «ne — ton ue 6 de pe g VANV à God gui Gad 
doull ge 6 AU AN De 6 p Nav sal ue «gs 6 22e pl ei pol 
Al 6 Boss dl Bal Ga qe he LU cul, Le ejüls of, Lai qe G fat, 
date pre Cul, 6 pdaev 6 à ait ER a à 5 ja € dé pe a pl Ga 
Agslasl à Ja cie Cat By am 444 6 #4 — rai 6 pal à Qartalal def LI 58 
ke à ad au G 
M. J. Haschmi, Die Quellen des Steinbuches des Beruni, an inaugural dissertation (Ph. D.), Bono 
University, 1935, pp. 42-59. 
\o 


ae le Le 2u 


ph g es; Que eau aile 45 A Le Ge 25 04 Baies mel Bles ene 
die, SL pbs DVI je EN CE LI CE oué fl 
ls Laits glss Vi Las, Ubu LS Ÿls ) 44 : pd 59e Gale LS 
+ CDs et JS 

Al alees PU pus 0 ,S5 OÙ AG CAN 5 A OÙ él as 
Al ol Je 0,6 où ce NI alé paul Le pois Sad, aol 
ua Laf y 5j eat Jos Lyns LAB Us pas Call, ait dis 
ge 5 ovedl SJ EN Glef doit (A Lol à lé hY GLS 
eds ph (lle AMIS LA 4 JSss 2j, LUI el 2 a Yi 
és fs coll 5 A af pe Le hits » 42 Lai Leu [anna s al dot 
Les Bulls elélls 59 1 43 Lu 5 pa cad Läû of 032 col ls 
SH GUY Gynall RU Gels JeŸi élte us Lil, AN ge 
ur gérée pl quoÿ ds doi, si plier culs JLUI Glails 
Le LAON Lys ëlel,e I LUN ds pol 2e dif, ins » € Lim 
cn dell G ébee dll, Jai se LES G JE des Gi G BH pl 
JS a à Go ae je nds ui Ge os médis pi 
Dire Dre 

sad QG Ladls Dali Lol Je Le eue G Gonll gl : 6 35 


of at al JS 6 los cata DS Ab le) Je) ges pe us sold God ol = 1 
US 65 à Vi ga sol of gl as af I ts Ja ps 6 Ce 
Lola goal LT QE Le ssl G CI Rs € ls ds8 ets gi 
ph del qui 6 de Ge 2 gi Ge pd OV (6 Ze pad cest opel à LS Ge 
deu 22, 58 gl G SN Ge à pee 259 cru ll el Ya Lion goills stat 
gate ob)l dual pus eüys gr lé, ue JR s slue JS ges culs 
NE te 

5 pit ail GS Qui cols je je dss 3e Le 2 QlLŸls sshuls &s28l es = y 
SU SAUT dons t VA AV te 6 gtedl porcgutiil del ji cp lil 
OH G Less Losl Gt dus oh G LoLÿl Li Adi à « Got led il 
ov = va ue (rave OU) ve 6 Gas9 zut 4 de) @ulss & el 


\ 


210 Ja pt Bye ÿ puit GES air 


SA el A 6e 0 ga Le lei les RAI Klaléis co pri 
A CS Qi qe di ee Lu e Jyéé bte pgéle Golll Je A CS 3 
Lee ge SŸi oubil (Rails Call (ou) basis all Lélall ou bars 
gl ue A shtis us QI sas a Ge Ad GLS Les ll eds 
BEN Los y @VIs Co ,H ge Le es Liga SN els La ls de 
Lib du dim Yj Lol LES Gui jp DEN QU Cu Les Colles, 
ln duof Us e à uit ge AY, LE Ou Ys one de Us us ge ce 

à ST oi Lis es Cf ga5 de 


oaatll 2% ei eu pus dl Ji : Ji «5 gbill Got e: 
GS 8 er3 > ds À Rs A Ch ge ces ces à ES us 
d aall LUN AS a Ad . 6 Le gens eds AM de Lèks ENS le cou 
Ge int elds JE Lys J LB at Rail, ad of is ai peall 
de Jet Ke Le 3j fass 8 AU ble sut Len Lis asste À Ge Ste 
ml 3 pe se JU is ra miel cb Qi ol de 
de sl as 0, lé ab Gels 5 4 ds 4Ÿ 2 gré Se db 
Mal és Li ele JM} Jéesis SA JS d sde malill 


LGV ges GG las nl ps Al da de JiŸI eau elle Y 


à Al & pit Doll SN ge de 3e Rd pe Cf Less dj à 
Ge JS à Le JE) de je ame ol8 o13À 5 pose Ju qe ess 
Si O5 Je ce de de GS (I Je de) Diss de s6 di Pis 


uk Slaf a cul 23 abs Le used D eds 420, doit OÙ Goal és = 1 
ce Goh ap BUS 2992) 4 dela OU Les QU Je souè GUN set 
aile dal Wbls Ge USIL Dole et he 65 pe à 52 pleut où sas BUY 
de EN ea agé SRAUI OU 2 LI, ae, te ous Os add, Si LS Lee 
af JU pou Le ol gi Yo Le Né etes ci Lee pile gate pat 
prit ab à bla ge ou lis 0 à ss 2 UN ele ge à 9€ Ge OÙ 

2 VAR SAN ue 9 Les Yl SU 5 à RU eéo € 4 4 ue 


w 


ae ue Le 209 
dates A lai Lis Réf OÙ (642 O5 DR 5) Je lis LA ge OÙ Lis 
Ge ee D al o, 8 jf pi À Lois G Be 33 À LG Gb 
ail a 3 JAI ie 3 3 sol 06 LR . alé y 4,7 3 6 4 QV Le à pe 
de 8 AU Gall alall üfs C6 jh DS Le pus (3 Le mmall Sal OÙ 
Br qe (9 DA à ji Sul el lai ee ce 65 9h a «1 
pi Ces BOY Dial G Qi De SYlals tell pl us Cut, 
+ (Va ani 4) Sal, QG Lee se Re (ls 5 ami 45 

œpill ge 2,85 333 Lu Pl de Sue 4% Akai us Ji äbli Li 
Ale de dll LS (as) Si Adu Loe jf à 3 li Gels Gulli Gaecli 
- Yu el à lgsels lei 263 GES 5olaes Ode ge LS 55ÿ 
o Gr A del d Q fs dla 5 Clijes CAS AS We pts Las 
Gandi Qaël ls ol «655 Gus Dolce 4% of LE Us Bobee les 544 Ÿ1 Le 
She dde iles 4 jee 8 Le ls (8 Le Ride de el ce vd 
c5 56 af Case 9 OT, OÙ 46, . LS pb jlés padl wsul Lei Lys 
JS dy Mmes QU 355 VU Coll 5,55 Lab di pe Al 
2 el 535 5j je Las Cnil AbiS 353 dis 


Viss 


AI GLS dogs des Gradl Les ol HA he ce Le 4] 

JUN Liga ALL Jess aell les LUN se cie ss Si OÙ ll 
IF ill Lgsb 0! JR gb Jia St Cu 3e L] A Ge 
ail Jul ef 45 culte 5e JS SLA Ce padi Le ie dj Lens 3 pee 


lacyre ge prison e RRISHSN ul 6 Sy Ve ab 6 Gill ÿ ddl 6 cpl nus — À 
Loto mire ge piaa € gui ol à 5 pt 6 Goal dlé Ni pl à clan at je 
Ds 53 9hg ei La LE LE Lab) 14 + Ab ge à QU CUS Qi et 8ù — + 
Ce 98 f Duil% pe f db US cal Eee JS V8 JL G 
2 de JTige ges € (is Age IL 
Bout Je 2e cal ge 5 ALUs gels AL ge cle ce PU 25) 1e 
ae ge pl Sun pds (OU go nue als La st gle dé 2 ils plis 
pouver arae el QU 6 5 ali à dis nds Ti OUT à Gle 


NUL Les dl ss à ge pan dat lie 


208 don lb Ge G AL QE ae 


gai 4 lus el Lil ue Vas Las dis Bis Ga 7 el à 
Ji 3 04 Qi J—és à Ja, pl qi Jef ce génas ll 
au Jai ge qi dl di dat Ce ds OL peu de Sa Wu 
Ads pas se qlal EL Jluls Wlamis QUES L ques du Gus 

. Os AU Gel SU  prbrle 


ail dll, ali le à OÙ RS doll puise Lemde Gil Gi jlu s 
ris guest A pis a Vel NI bb de 5 etes 
BEST LB. LL 5e JS is QU pue Gas y; Ale gs Last 3 
QU} les y dla] y al dus A tie GG attes dl 8o1Jÿ Ode 38 LE] 15 
dail alé ee ts Li lis A5 les Ci dd ee Je di 25 ob 
Qe lis Gi Bebe, Lui Bol Vi ll où GDS Se 8 os 
LA, Lai 6 0,9 at Gall Of Ge € Ma Bas d > sl a 
Cr bus Ci lgé pli dj Vi 53 pois Dee J'oladi je La jrs 
+ SN; 45 Ep V3 ee QiY Lu 5363 Lois Les Ÿ] at 


AU Loue ge Lee 3) Lady Cadll à] 4 3à fie Col fi Ca, GS 

Qi 2 ill pole mou Gassenli gs ST ques dll due SG 

GS ph oi Le Le Le élan, Lë)s MST Le jé pod GA 

G353 Le à Lalges pale gas WSoe de I ($ Aladl 55 pes LUS Ole 
Ma de) À de ge GuŸ ous (Je 


all gl des 24 het Joe 2 Gens AU Ge Lai a ve à Up sge = À 

jé DS al ee ais dla Ule  pele poloall 33 Jedi pe Je ddl Lil 

SU ossi Jedi ge Pres 0j Lot où LL) art 93h dont à pairs GUY! re 

part à de d KoLN 3 Las col 0336 cadfls Gi Le ce dates y EU el Jef 

eg délit devrai eut 2e Ai fs Li, üf da 3 je alu Lucas (OT din 
«to tt: 3 je 

dé a Eds JU ge ls QU 2e d'sladll AR 59 2 gl Abba cs call ddl 3 Gall + 

JUAN Jyes AM Gandi eye Ji ds pal à (Gi ge) Sal of ge dut 

LVAe = pe cup AVI 6 0 be Al jls à 3 ol 6 OS Go GABA vaut it 

4 


&ie 207 
PIN De 5 ouh près SC ta CU JE à 4 5 
Jo Las: Curl Vo ls pl ges AAL Latines 6 gàls 6e 3 AL Cu pl 
Se Y Bas » Ab des 4355 aÿ SA de Wrsgi GLS Lau ges 0 
La ul Li OÙ à Qu EU LS def Les ae SU, as aë je 
5 ,AUll 56,1 à : Jo 5 G Giues SL aug de Gal As NI 
gl de yat LL A Jead OÙ à LE SRE Las à 3 pal Li 
Ab pad ils a du D if GUN a of ja out 5 Go of, 
D Le ge 3 pad pds 5 M LA, Ia y Le ds ja UN LE ja se Li] 
Sels Di oui GUN js 6 NI pole e Ji at Le 3] Lalla 3e, Ji 
Hi GA GA 565 6 ab 4 5 pm ou eds à à el le oi 6 ll 
Sunll WU Tole JL, 5151, ès pt Se BL RE pus 
2 EM Rd HU Be pau 4 el ps CH Qt I bals 
cu Se ils Sie Ge, Ja és Joie Du 0 TL. Lil 

dl 6 ble de Le JS 365 A6 


ebl 4eg Ge OAI OÙ Ge vue V das dés Les) 3u8 G 
EN pi lits lille, Bu gs égsY Gg tlani ai pue (st 
D NL LA Gelée Ge 5 GAL paiŸi dll 0 es Ji 

fait duel Gi LIN pas 0, où ii sou 6 pl des des 
A pas CA 36 0 Vs cad ab Vs UV be sh ŸU 365 uds 
: el J6 LS 


ENV = ue CAATAD reg 6 pl dc y al de 55 Al, Escû de 225 de il — à 
A ue pAarn ab e ll ds 
+ 


206 dort pliBe sg AL GS ue 
is ON fl dé DA Ji ee es de 


on de a Ji) LUN ue ge Cl au Li 6 Gale Gil bi LG ss 
81 Je Gen lé GE és Al fs 3 jui Ré ge af» Ub 
ga Ji Fle Jeltt pelul 5e Ge sou LS GLS de Eli, Gal 
de LS qe de 27 0 éle ge sprl n &e JS Ge élues alat 4 
Au Le ab Ge dat Hal Gel 4Ÿ o5 4e <é J vo ès oil ol ae 
ail né 40) lé ds ce Ai lé JS Let dlle os dll 5e 

. Det ane 


Lall plis a )3 all Lila JU (ge VI 6 dl Gé ge Al Se 6] 
DT ous 4e de 2e Vs gs AS api ste Je El 5) 
o28 A5), al pis sl AY eë es 26 pla + At GA de 
pe dy des JA La oi) GA all de ets mise 5j) à 
1 (AN/AYEA 


ddl dj de SN, ds y y —e CA; à) Ys 
OL art po de parie GÙ CA GAY af 
EX] 291 oi ae ii SU ut ce doadl dj Le : Vito 
qëll Gil Jai Gus el 5 cell Con Wnde Gi Uni Ale dite ji 
SL 5 (Olasnll 4 Le) BJ de dj odels Li SU 
e Ai fs siau 5 5 Lib Lu at ar 76 AS 3j AN sos 3 


ge ve des een tt Pl des ol eat del (pare à le ©) gl Ale — À 
gi ll 6 ll A ge SU 4 5 ge AT pb Lee Ulis ds SN dll ai in à 
Le au ele jen Le oil ST 
de eV 6 Rd Lis. y gas Es Cie Pet GS (anse 2) el ae de = + 
Us Be ge gt 3 his pe di) NE — AT à ga à pile dei ei dos à 
mali 6 ge dise Hit pis eds (ul alu Gt LS Lu al Lell . ssl 
Qt geo de ae puaut Jaipas € Rois 6 5 oabil 6 


Y\ 


ile be 205 


Ji dl, LU 3 0é Jags pulls 3,41 Lau Cas Jogt ue I M 
Biel GS LA SSI eds GS à. poil Jubs 32 es JAN pl 
de ge 6 A 4 lis QU sol5 de WU je isgte Lletf j due 
Ds sal Jendl Gus cé Sy als ea eë bals 4 
oies af 055 de Ai SL spl jui Glal d pal 5 SU 
CA a5s alu Ni Ale je Qi DU ie ce - à Le SE, 2855 
ds HU Je 2 SI mn Dig je le d'El JS da Jens 
ON] Les ls ae y js © 5Ulls 
Ge Vie cheël LA ad GAeÎls Si spi lis 3 4 Ji Lust Vis 
OU gi 5) le Slss ail die s ed pue GLS Wle Off Ladl, Cadll 
äke CS js LU spl sl ©lelti el (Que Gé 88e ax 
Los Le Gt US Lo à ad lus pslstl Guets  oolell oi Ge 
SU de Ke pou) Sleep Les Ji x api as le sl 
Le Hé Ad, GES en de yés mails Hs Ole dis 
gs (he el Rails Kiss gl les 2 LS 65 Ladi &ubes) 
PEU é Bin, da Bull elssf us L4Ÿ) à suce culs LOS Ce 
Lee 655 ei) ca Dal alle 53 (5 Gill, Gal audi 
22 cp 5» 415 Je de 8 gl unes Je je ds de 
4 M el Clg ge Ÿ el Cle Ge Ggls Ouah 335 GY 4 


Ve el 5340 9 (OUISS LS» NT LS OÙ As Hg Le pe) A à Ve à gaming — 1 
del 5 ge (le Ge ee Opel je lois ai jets el as 55) A1 + Us 
gs ç dal QU BU peste Ji (or ds ill gel) Cal ov — 04 
LME Vie ge phant à Gel BU qe 

es Guy le les QE (uar are /orar = vre) Et 9 of 3 + 
ae cal ae ge ST AL, cab 4, sul G ob Dal cie LUN cpitutt 
pond des pol de ul ANS, jave mous 6 LU GR Lt, 4 » Ava à ssl 
Os ele de) GiE de Gi de li Ji. (ef se à » dette à gs) 
ss plat 23 Def vin Gratol us pes De (1Avi) égesole ls 
QE 209 DS le sf le 2 OS 5 LU, 8 UC Ke fs 
. al ù esiél 

v+ 


204 dons pliüiuÿ pli DS aan 
Doi de NI dd aÿ, SU ps cu Goal (ble Us : À to 
+ 4 ojtssl plo 15] ae Le ste je psg Gas dl es lé] ax dl ai 
dursdly Gadls ll 3 jé es (3 GUY Lai de La eds 
Qi Gui ge dl Cle de Led OÙ dj » ages el ei Caisse 
Le jf ol, à ét Le à 6 gli ge jan ces 4 CS Les Wglis 
+ és US je aller 
OV ele SU Ales YU Lie Le 51 AA de Le Gui lit Us 
di We ssh Gil Lt Wet QG Lt si Loi 15 goss culs Bf Jés à 
gel dé qi pull ES Le Lars Lesss Uie LladVis sal, 39 sol 
Esells OUI AJ ago à Rs ae ei ST Ge ee deg Le és ai JS 6 
cr Yi RAY Gé pils lle, ile LS Lait bb 1 Cid, 
cu is. 8oU Mi 66 Dose lee dj sui e fs Li se 4,5 Li] ge 
gatll en Jai of « SU, CU Gun5 GORE LuaŸl 5e 9 € le 
Euh Ro 6 Sd GG ssl ES» Gandi lié ddl el 
Go - Vel pts Wal els «sf 3e 2on LG OS du (dis sta, 
Fe la jltils 8 Ds Vi ele Je Just SE ge DAT Us Lait af lin 
Lbls 3 Les Le ÿŸ ble lé O1 ils a, 3 lle sel les 
+ pbs ya 21 be ja 
pl DA belles WU; Bad sdb 325 OÙ po ce Cal Jan, 
D 3 78 30 gs DLSYI 5 Of (Ge 0 SU pu Ages AI Lana à ps 
Pad 2 5 Noble JE de mes ts ls EN 03e 


Si Ml à all ques Del es ls 3 al pétall Jet ee LeN 5 Ga ES — À 
ot janS Je ns La 9 51 Hal 8 are utettl y 0338 bles Lodel aille yo & pa ce 
See Franz Rosenthal, The Herb, Hashish versus Medieval Muslim Society, Leiden, Brill, 


1971, pp. 101-110; Sami Hamarneh, “Phramacy in medieval Islam and the history of drug 
addiction,"* Medical History, 14 (1972), pp. 226-297. 


pi ue Je by Wynists 06591 logs LAS Lol à due à 35 aa 2SI Le = à 
Dao es à à Cats va à à RE je à 03391 je ou dlése JS des ab es 
Dub oups x 8e OÙ Sens Lies Lebect dus Qui Gti Ga ge Euond es is 

. géals RUN EN pus Les ph, Gt es AU AU (a 


à à d 


ie lb 203 


dx li Guke Ni Us of DS be Gad po : 4 5 
QE al LuN din pl EN lâns pie Le Déni Lu Dale Le 
SU jh Of € Ges ll Le 8,,RAU md al 6,5 ll gi Gui 
A Qi antll i Be dues Lois 6], Es 5 Li de 28 Tes Ge, 
ré ol 0) é . el où y d és del sLS LN Le Là alé Gite 
grill sp Ms BaoŸl 848 je pit ATV 5,2 uns Bla o ag 
GA 8 SG G OÙ qu A IS ques cg pif Les (galls JU Le 558 
Of LeY got Ali dde Ge pad pre AS gai Es Ru 5 dl 
Jui of abs e LAS el 35 por à 5 ad Al Mis jm ae Léo 
pet g Ue pa Sen Les vs due GI ges 8 
ces GAS Ga Balls all al LE] 6 BUŸ Ge Ÿ Leu J] J'Y 
la Us 5 Ji els aaball d] Ulis plili ge LUS (le poli 38 6138 des 8 md 
bib Biel le, Jus des ut eg ie de A has Je 
JE lies Go. Obs Cadi Ge sols Ale Hhadt di Giles it 
jee dj, aile Ge OÙ pes el Le (9 Gel ei ès Gad 9e Lai 
GA d 38 él pli Of ess pee 29 LL UNI que ag Eye Jr Ge 
Dal all Lfis BL Lacs OUI ee ce le Ji de Go 5,240 JA 
SE of 42e 00 à Lait Gus Sy Gens ss 28 ji us Lot en us 
y er Gi bel QG lées Kb doi Ale dite pol e Ada 
ét 2 de os bé cd 


op à fl pailis ol des à cool le Qâe san CA 0] 
Poele rs) ill ge ALAN GUL ps caoleet allé (je tite 
US ts pl elle je om CS 1 
2 SI ol a aies SSL GA 
Ms e Go 8 le rs plat 
ab ge pie da) 4 HI dj es dal 
di Sais pays Lol ball Jf 05 ll LT soil Liu) AU ge CE ed — + 
M oleyl ge Gi 0 à du A Eustl gs (or Uf bois psg Lomls GA 
Y£ 


CARRE PEER EURE 
Ale ces Pod 51 2 ae 65 LS 
SA SES pri dis à A1 — AV up AU 


202 did BL Ge ÿ put Que taie 
- Oufss CA Jet 3e os alt db 


Ds met 5 st Ci Ai 2 24 el JLSNI du 
ons 0 ee. all Le des HN Li Cable de pe ea Box (ds 
ges dl Jens JUN &ar, Was, GE db, é Laub las 32 
OS JS use UNI dE, lan ous all | plie ais def ll 
Spa. ei Gnlls GE qe ae ts UN de oué JR Ÿ 
An LE su) ils Le ls Aa LA LV GA demi aol tal 
Sa ge le die Le OUI, JA je ali DuV, Niges Dal; 3 pol 
du Cas Nu Of AY alt be ge Of anal es. if she Sul st 
ei de ges cle Ju Qi RE Lai QU ss 6353 OA ë oise 
BU Je Bb a] got il als Se il CA le Ge OÙ 4 a 
& gl Sol 3e Us. si el & ets JU ce wltss ol 
eds pèse JUN él s oo els Legs Le QG all 8 be 
cle gs Gers Vie dès ae, ON 550 pli je Ua (A ls 
. Mel, Ut 


ou ST Gas > ele er Ge 5) QU JS al € 
ol, ls GA) pl ge pes Les à dlmdlls EU 5304 ss 
GA cab SUN pouf ce JE ds fé imedl, dal, lili 
ge dlss 0 Al, 3 al, AU, Sidi JAN, ë,,Ûs JS Si, 
dus is pes ge g leals Wie Lee Lu Je oUlss sue En gt ee = à 
La 5 nus] 5 dl, GUN ln LAS 3 pus AU 0 à Ke de sl ie 
fe 5e D dv ee ds à veut ets cb JS Lil à Ua, 


ROUE" Bi gpl à à bi ls 66 aus et ge gl di tu lbs 
gs Ces OS 131 Ds Li OS VE LES VI, AU, dl es d gs Cle 
ls eu ble y ce Des se does pe A QU de ge V pe de de 
dé Lis ge Lil i 


je 3 SAN fps. a QU Gb JR 
CREER dis y ul, ai al UC, us dt ou 


à le JU 201 


See Ga snlis HI dt dates pl use GA ce ph Gé lt te 
laissa Os, D Cu fu SA Ge pole sl 0e 5 A d'atlis 
4h a De 5,6 Jai Lio of ge GI ds EM Ab) de lets 
üi Ù st Le ga of y Cars dde ke ef pen Gb N 

. by Bi LUS, 


inalls Jendi Goo Eu Es fit aus CAN pus à Ve dt 
Gi gén tdi Jles Cantlls planiNi lis 3, Lu 5 Le ds 
Ole y gi El Qu af ges à Ce Ga at 3 La ou 26 Le sad 
dej Gb OA aus où Lai Je La OÙ Us cs Gb Que Ge À 
All lie sheet de opens 4d 03 lu de çgill els Vi Lie 344 CE 
Ca pl a 265 ) des M JUS qe DVI 4Bf 45e 0j à à J'yûs La ane EN Fa 
a jy ot Jl dj ages QU NI qu Nu Gi LS (le salle Le 
Be M Os. sac gs JAN ge OLSY de Es (au) 2h; aff ol SN 
Gh ol Jeb pheV é € Gns ortll if Ge ls ol pal tel 
Se de € 5 villa pal 5e, EN pus SI, Jai cs cel 
cms Ce > qe disons us etes JS ou, ES à 1 45 5 
sy Ji 85 à Bd o à à 4,5, JE 5e Ci dues Las ae 
Jet e15 Je s15 263 LAS BUS Je Hibe 5 0,$ af LS Jpallostes 
EU 3 «el CS au ps ae QT, AS Le dû à ul paul Cl 

Os gé 4 duë dÙ AL 0 Ju 


PRET 


af 5 ss Loi du BALL coelal Gé Le Digel ex sai 0 
ces GEI a ge qéls Giles 4 Le lis. Cu 01 ds « Cu 5 Gus 
ls all af al ll Ge gélos cell ei 25 pe Lil Gifs cuaxil 


JE 990 fl des Gba 3e 3 Gel Sel oh tal 5 phedl ls Où Gi gs = 
jh Sols pdt all ee plesl 485 goss des dell ot ÿ day 

See for example S. Hamarneh, “The first independent treatise où cosmetology in Spain." Bulletin 

ef the History of Medicine, 39 (1965), pp. 309-325. 
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200 dons pi Ge G pli GLS ui 


Ceres ©) qu à del Doi ee Les és La cils. OL 
cri eall DHL 46 3,4 Ge) Rd @ a Call autll ti 
des Sy db ge olgi bles 4 GE deb , lat ass & li 
HaSly pt pe D 929 Le 8 ali ce US QG LL Jul mass 4] St 

: el Jà 
pi Je Q—elll op Loge ji du ÿ is Hi 
DJU Qi &5 Losi J] ji Led sis 55 Cdi Jo à quel quel 
salt GHŸU Jedi SI Lai yes Ÿ Lalsé chou 539429 el eds 
CD Gel 8 2 3 DU » Lg 8 quels dal cos Yi eV Ji 2505 


JAN lbs des Ji GUN il ji 59 Gad heu Ua à NN 45 

US. fus, fus, Ge af 1 LUN God 5e als, eh ssl, 
ls A6 Ole Gore Ge pli qe sé de pi ol di oh 
ot Le) 5594 dolls (lo) Qi ge MS Al 1 à Ji bus 
gel bis bd je pes Lo DEN, (léeÎt lbs, pu éd gl 
de Gil de JE (BY) aëlbs perle perttl lès pa 312 
AN de Boss Last se N oi cb 5 caraëll (es Jela) po due 
La A ques Jedi LS Te ge es grisias jai De gas 6Ÿ 
pes El QE pi de A OU Lie je ge YU 6 GES Uf ete à 
ol Sr: ets DM pb Ge EU ds, Ou ps Le 


ali 


Lg opus Lepeble SU — lea de Se Gaés Qi Ua OS ont — à 
Halls Vs n ai dé ta Ve EU ae iavre 
pi où dj, BI a SN des I 5 pa Law Je 
ee af olosf à Lee A ge Ses 250! ÿ ee, cilsjû 
Gal ss pbs par ele 255 Us (p avt AN de pK) el gg GET OS — à 
GasV— ae avait tre) cod Doul ju Let ob A8 G all ge J5s Ge 5 
Vel age ge Aube af ÿ eat Qi GT 35 p Ave 2e Ga à ep due, ae 5230 
2 Dal ol al pass &e ue 5, 
ati ai age gs V4 N à 8 a pe Sd at Joe Gas famille = p 
x 


Dig + os dl 
du pol 2 


Sole le el 199 


d'aussi ay Ge LI GG Vs ON SG dus OLA sa ele jf di 
Hs die Ge dl, due af ss ee as JS eu cé ça Le d 
Fell Juil ass qe le QU le ul VAE 5 de a 2 
+ Où pd EU RU Le odge ds (03X) À Je de 

We Kb I Ji au Lai Ge Le La US La si 
Ja F leés We pod cé LU aie 5,45 Liu lu + Cl ll, 
: Bou Cd Ji GA GE AN LUN pe Ds et mil 
GAY As Gale AE pa 335 QE GE jeu Je ei Jj cui à à 
ae DS LS 8 AOÛ Ge oeil ae CS 1 oops Ga Y Lui je al 
Ps GAL çà BA des ges Qh 5 Je AU 3305 Ge PM di 
HS als 6 el ue D 5 ag nes cel à 4 JS ee Get jai aiel 
8 qe ds Je G ob di, si gb dif cs à gi Alalli qu 
Ep Qt BUT 5e es Je, Lie ae à 2 (esbote def Gel à al) 
ee 45 ds JS JS g EME qu Lol (le Lg QU qu LS oe 
di Goal 2 6. pos Lailies A due joe GA Lee dm 
Dpaïll el dj dal Si of LAS Les Basse ia Rules Bell al 
a SN ous 8 Se DLSY seÎl, RM BL pete ou 35 Es 
mé ge JA ge Ps: as à gs We due GSM el 
D ee ps opel pugs SAMI ch ji Lu GS JLalt où 
ol Je Ga, A JT us JS à UM de Ci gén colis 
5 45 Gsedi css à adj; SI 5 plis 


aie pi où gi of Ce NY ds 


Le pl ÿ GE oh Ds Ut eu ve — true p Var ae à dot al G — à 
EU US prsoll Joe Ji ue ge Lilas GE Cul (es ae olLatt nés 
LA Pt ge 6 Ball Rp GR à pda na do ab 6 ty cg pal ol ot pl 
aol is Les eobyl ul 5e LI GR Ge rad » Sale Lot QE G = + 
pb pp al a LL ge Fous QUIL UN ao JU a Le 3) US ANT GT 

+ ESUl let, 
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Ces 7 GS | Seuls LS Ole Le pla db 3 AA çj 334 GS Li 
url Last Ju ci WU Ste def a Jai Lee LS CSN Es 
SA ls. y 5 ein 259 0 bis, sl one 
Qu3 QG SN Gi ces sde à à JU 55 G als DS ds eu 4 Gad 
Oo Gb de Jj Ai 35 SAM de els &ŸI bis pad 

Do sp à dus ET Dj 3 goals (plat AS 
Juil Gedi, eŸt QU plast ee Côte ps us ef 5 
SLA] ol be, tele Vis SLI lol que OUI Aube De 
AJ LL, Rai ji Ge 65 JS 5 : uobs Loge te anti OU lie 
Dani G JLadt des GA JS sb all à 3 ges Lu € à 8 dl 
ar GA ssl dj Le Lee Hs 6 à JUS me Lis EM] rl si 
D A lin ne CN MSI ds. Zmgll ET guet gl jai 
5] bots RAI Jées Best) Oil J} ele Je DULII, s1eSt be 
ie de oo di gs deu GG Cou bé Lies à : DÉG cu 
où de gli ds leis leblis Le Ji 5e pli dll, Ge se Ut 
OL à ali Bt SU, 3 ii jadis 254 5 dis aSEAl cb dll 
le Es gaie LG èS Ge 3 l sal QG AŸI, LU aLte 
pu 295 Me 6 0 orales DA êtes Det qe ei de Gps Li 
SMAI Jles  s Ts db ce ST Jet JE del plat 
. LE LM AU Se fly 


Alt el ble Ge 


D Ale qu s es ve 0 el pi 0e gs TS 
ii oé98T Je OÙ 4 Ut ue de Li 


fi QUS cel Jhsl € POTETE 
Sledls à tn — tir ges tves ap à Ga be à gl dt gd 
Lpiaen € puy 2159 à Se Glne ne Gui e il ge AA QUE à Cds 
FE TA ge à Bob dou à Sail 6 0 pe Go dal geo Gus 

Ep rt à Ve gti à éudl pue Ji Je fl plauls mal des ÿ = + 
rar pra ee gl Bud eos «lus € ae rat 5 18 € 
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ad À cait (gl SN Last AIG ea] 8 AVI Ge les : NY ds 
Dee ges QG JU QE 581 ue A gain pool als pli 
LS, SUR Ab Gad gd pli ps ç6 ne LES ele ji dtales 4) AU 
e7 dl ti ge 44 s : SL Oeil ele Je 35 pe lite 
gr Gil nl que sf 253. à GeŸ RE js 2e Ÿ 5e Le LES US 
urtllénes (or les led qu lai jpeill ère pi ET DIS ot ale 
Gil ssl sde de Die OÙ LA réel pl en 5 dt 
OLA ele JU af us Tu 34 au oi 8 26 Let se Ju 
a di au Gi USY Dpt, dj bé ls Yi ai pue ai 
sp dy cé Ml G Cal Jè é + MSA 3 Ji Ai 4, dla 
As lateÿ Lu je oi à SL 4] (piete — 444/a£ FA FAR) 65 A 
CS Je DRN Ge 6 1 aisés ll Dj ET ladu over es M Le 
pole ut ce au die 3e3 De Cp ei US 26 DIS 5] à 6 sal of 
Ge oj » : let Lane di ue 5,26 je Can L'uRe ob os pit 
Sp Gil jm Le Lt led els pui de 6259 Le Jin ee Gore 
uèn Lago JISN CAS, à 542 Gs ai Chen ef gles des. 148 Ce sf 
Ai, eh, Sin : AG GUY de à aèle Gad » Us OUI 344 sûr 
eo of ln VS HI els Cast Li JV s Aou sas JUN fs dits 
Goal dns 3 ul, 6 el à « 1dis5 pee mire ps le 
a 4 pes As GE 59 elles le GUN) es ÿ pleaVt 
du GE db Goal Ge jess . 05,3 dll, 3 3 (ai eus d,$ el 


pi de JU pl, as pbs AL (p ve = vat Je Von — VVN) oeil GE gl = À 
er Al fou pl Ge esp Jui que Je use Gs ouls ll Uf de ce su 
6 Glande 6 5 old 6 pp e le quil Le dé Qué € go pm je ct 3 S oi 
8 Eat 6 (HA DU po) SU Gall 2e dt dé he nl gous € AA ve 
UE ll es VE = Vi ue MAT Age pe di AUS ALL à Sul js 

à à JUL VE als DLL La poVs Jul Je SU 5Ys ŒIL Vas plaiY à 
de dos Gps 8 pe Gi al li (puere —a4n / ner 1 = paA) gai sp Vodl one = + 
de dette soil af Que, aiuLN 24 Laf, « als Ls jjui ss OU 
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AS a QAR EN — Ve aetY — ET) one ei Caif puis 54e 53 
Wa LRU 4 3j dit pas, les ob D ou dé es de Gus 
he d'ou Gide 2 65. Os pu 3 a ce 8534 
SN ele 28 ÿ ydu die je GS pin : Ds rls ca, 
ls og 82 pal os SA dei DS Sn À AB 

dy sai Gad dede 229 Al ode G doll Eu : NY ts 
Sub d lus pRUi mb, ial mb ge spl 5 due us ile 
A bu ge oalmell JU per de Lagslil Les Al Cds 
ul GA CA GUN GUN » + Jyis 4j) Sull prlæles Gold pl gel cs 
SG opasle ol Quat Qu ge crédit LÎI Go Las 25) lu 
5 Qi pm de Ligéi 2 Jafs GhLI Jai ns nel cod it 


daptsls (Jade) Bei Los Del n + Slaali 3 SI V3 

SJ ge iles (Gé 2) ak JU ob Web pee Le Sat Les 
ps lei, small Le JU fs ee Sel) I Vis JE 3 
gl D. (el EU 4e 4 345 as 3 (her Lgai cgonll damY Lei 
eg 4à de QUI Gode ge dbeé pe Ÿ) cu ph de ge 
pelle qe dl D 8 Le 535 {T5 dej ls di, Ai que 1 sdetf (Lai 
ebilhs goal og LYON 2e ci M s GUA0 polis 
mit os à. OUT plan es DIS lg) 2 Ni ge GT Ji JA «6 > 


pes 
à por ge el Goal Gite ANUS dl ae ste, Ga Je oè5 piles ane 
EVA = ae ge 5 pe APT e Del Je € 5 ali 6 439 pue à goal site 
AV AY ge pHANA 6 Ball Bag 4 A € aan à + pp ep Ge 
ET ue à ghell 6 gb poil sis e aù —ive : 6 à dll os à De y 
set sr Ag tte Gel Soul 55 

ae Loge ae fios 6 LAN Ge cl 0 ass 5 pores if jee Bei pis aù = 1 
ÿ SI 9 de leve 2 Zlio G fogue esLail 5 qi fe tel 1, Us 
past 4 vlaat QE Jet Gal des à dar das 2 4 gel à Su 2 à est 
Ave dt ge 6 Bb all 6 ge A ol G 
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ON de LL GE 2) Ze Li js ut dy ca sta Li 
PA OK OÙ ur (AE Le ed mets JUN JM Ge oo es 
SA ee es à 2 À 5 Ge Î G) Gr (25 à da op > 

+ Moss pl de Vs pee Sie jé lies Let MIT ste 


CIS 9 dpats sl JU Dpt pes 3/6 Ai dj à : Bu 
dll, den Les Te Li) 1 Le 0, dt, Jui; pli G Jisÿi 
rés pa de da (ailes us Le) Us QU ue Dorlens Lis ré 
D pes + (pee als) gilll Ji de OM 5 die à Ci Ga 
dl qe Ji Ge dus 8,6 Gobe (ou) Al glub Jess &1$ Le 
Là 1515 A ge pe À 5 pu à tal es ce JA pa el 6b pol 
JeéY of Le dus Lis, pie dus pli has 3933 Lil ael ET 
Saber 35 3) CSN prés bb pes Wloi 163) ds Li Res 
A Labs OS SU LL GT US a pu al, 28 Gel Je 
2 da Ml get Lee gts du M JU (le alé Cù de sit ji 
Mi Je de je all G 


Vis Li li Ÿl, SL oùs JL lé C2 3h eu be ist é 

Leslie Ni be GG SEA ed Be 5x6 Ubu Ge 
SES de Jus QUE Bus si Gui N] Cat 5 DL pie 
bye 0598 où qe EE dé y pue LE à pS - lee Us ge 
pre one pl Les Bd Qt LE 2 ol ea 0 8 TA jf Laye 9 ju 


le ge 4033 825 pôle dl polos SL, SL USE de galets 22 ge à GS = À 
ol sui Gill à de 4 le, golasil 5,0 ia Goo les pôs du colis 5 G 
to te ue sp HAVe a Graal n € 2] Le il, EN Qu abs 5 LAN 538 
piata 6 Golf ae à sh à Gym pull à A G gold 5j go € goal 3 de 
FAP ue 6 MAVA 6 Bal LR Jo € EAU 6 à € élan gb « ol 8 As 
2 als pal le 

+ ShEt qe ter Le Qi We JL CS à AN À pe JS tt AN 9 JL — + 
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4 Vpssll qe (et sf pré de ds AM G Ga aile KSus 
Cu bai bus DIT a hi ess d draps : NÉ 435 
1 Jui pal gl Wu es aall À 25 Ji 3 SN Jloacl Dlmzul y Slatall ti 
Jipf obus dj 4 el, à Ni Vus me g SA ee (a 
D DS) éd prie d Ji pr ls per Url parmi 
Jeu dj LU (ol glalls esloalls Le ) gutall je dl cé Oil 
cell D Casa ge Tai Dates aude el JUS) Gudl opes O5 jade 
coll ga SI Je Gi4u Jak Sul 3,2 0% (ue #Ÿh ill 6e 
ds Il gén ds 398 835 O5 de y ds ls SOA 
doi 0 à. Melle JS AA Jef Us (tes) 342 old À au 
GA, ali ous 2534 Adi Les 885 Gule Ge Je deu 
«UT ES Ÿ at lai aLasf, Elyse las ges Rs gl, 
LA ei Ju psé noie dis the 2 554 ts 4 ee es 
di cf Qi lei, Lëll (als Loues Got lu des Laës 2e Si 
Tours gel coul 0j à : UE pie à as alpes Us Leaf, La jlesil 
Dj dber)y Lies pl yhe lotus obll ce fs Ji sal, tdi ce 
DU V1 ode n à Gale cu ge eu dl prtll af Sd 305. à deñs 
La ges pale 62e Dali je 45 Ji Ge Of els 2 eût je ét 
Cm de pe 8 le jte Lust bull es (lat dues JU) dos Dj 
Gil Ji gel 4 ces als ogle cas Le one Vi GG os de Gal 15 lg 


spoharred s elgbl ÿ 6 oui DST G paies Les ge au eus 

DAT de 6 bi Qi Ji 6 + à Ho plate ot5 ga ol ces à 
AS Gel dus à vée — vie ge à Au Je AU ba 35,59 geule St 
el 58 let se (ve 5 wi 35) p jai € ul ls à 3 ali à dl 
+ Salt de 55 de ds ad 

Ep te ue p AN € Al SA gl 6 5 pal à po GA GA à UE ei de — 4 
ge dols à tire ge pNAVA ol à € ab e Bel 3 lab put at all des 
AVE ts dal 6 Tudui BE pb à den Gall pus € gl paul 6 au ges Se 
- Ua G las D ol al ol Su 
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lame OS 5] La lt J) 14e ls db Le elell OÙ Co je 454 Vous Gt 
Le Ge Late RAA pme y Rad ae ad eme Ge Ds CT ad ea de 
Ja QU ali ads js à à nd Les 5s ane last rdlall 
das ge ssl, Si Lie à] de Vus 0 el, 4 A BUSL Lolo s 
cures GA À Les pu Le goes au à pi 
de Sy» : SU pra Gel 2m al gi oûx ee à Sk tt of li 
5 Sud do y So) Gel je) Ki J} Slt és lt] 
A 87e sp p Lgll péde Safi Ge Go de CS 2 
Ce je Vins) SA NT je del all 0j à : SG Ci Cu À 
Ge M Marre MU DEN ES bé GA pat RU 
Ie js à Dole (ie) Gi, (lis Bras æ & ce Spbs plat 

Mie Le ds en 5ge se des MS Sa 


er de A Gil pulls AS, Lee N Oil ge Go qu à 
Le QUI pŸ Dynes AU es OS 459» : Jai ES LM 558 
FEAéle gai 3 5 ,db LoiR € aies ei ce Cudés all Gs 
Gal AUS 6e s pales TS Ji Ci 3 854 5e pull Las Cpailall 
or Jia Go ce Rs 3j de ge jee GMA Je Late de dès cas 
LS Le Lai Be dyusts open 26 US Le ose 054 LS 5] Lelll 
Dali Ai V3 à la )59 ds À Ge Opus La el vaË sé 
A Ce gd 4 pables of pañlse de Gil fi si Lust 1h l 
all ges de Bulls SNS Jai si SLdls altis JU 
DU 0% Qi pers jh «abs 


SA SG ll ue) bu of este Le Le CHA Ua (ous 


di go nt và 8 le go V4 4 à M Gage — À 
o HE vis Gti 11) gts LE age GS — y 
God gUis JA és. a ls Si pfls eÿl call G ddl jee 

+ Dos pal pis Cest G iné Stars Loÿi Lab Gabl ae G eee 5 
See John À. Williams, Themes of Jslumie Civilisation, London, 1971, pp. 59-80. 
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RÉ ao gl ce Le po D de ls Elec Le 5 8) Ci 
de de LR obadl, tai paës Lauf LG de eds Le Jon 4 
Gr de ge 25 is T3, aol Jj 55 ll 2e 5 4 15 > cols 4 pi 
Res Ml A LT ab, A Les LU dll Jyljs 6954 © au 
im y al qu pi ÿ da fau del al, âge 6 lie çds 
> Ge j Me vb Aali &bi ail, Gi Yi tool dj Gldl, AL Zubt 
Us QU ps. SU, QUI Be Je eds ol de SA dé 
ES D ja Ça Lib ls 8 LM 228 0 5, à : Qt al de © ad 
does pes sl JS oul oléjs ME 5e see slle cles] GG ogesell 
dû Ce y OA à coll ei QG all lails pless plus padal 
55 ee Gale JR 2e ji st ques Gobs aôle Ge pbails AU at qe 
ANT EAR EE eAi gs SAV 6,59 laut ces all Ses 
lab al audi sis 3 Cf ji a QE (9 pu si A Tede : V0 455 
Los Lelasl, aslesl LAS à jie Alle (5 5f 8,4 AË Las à pal © pre 
JO gi 6e lis oyrss ill gai SAIS sidi 5sdu 
Eli gp 0,98 pas L Rad, Cadll Gif Gal Ds pe Lin : Jui éd 
Gi Ge au pe 3 VA : eLall 5,3) ae Olmtll J 5 eléls Le plall el 
eus G441 03 DU NS ON GISI oùe OÙ 9 5 Gui Le, 25 
da Los 16 dés dif Jlsls Jour Joss als God ge eu ou 
pe do 6 sb pli 4 528 de NUS GA eus 1e des 
le labs WE) gl e (AU) où GS OU is  Gelil qe GNU 
où BY candll 5 JU ele Ÿi cho Wal 4 SU © x ss 
ge al 4 Shi Ga pas à OCT BL GA pôles pol de hé € cl 
os. «AT ff aybs Qi À ae mes ge pi dé Gb pod cé 
AA ES 8 per Le pal pe CA ee ju all (Sôlll e dot ses ss 


Gien Le jle dé Lil pe gostlls doi LRU pie 34 AT La sal Een — 1 
DM ae EN 485 GR SIL GS La metul of de, à exe Je gli JL 
vo 
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Gb Gode EN s La Le je tj qua y leds ed (Ge QG de 
+ Ojlly LI QI gg Lee seuls ct Ga à dk 


Des all à Cond ad jle je 45 Ju ef pes eue Ga a (us 
Pr JS dep Ge, dus Ale SA de 6 GA SG 85 SA Lili 
oui sf st Del Let ef y ae se Le à Ja Jai G ou ot 
Li, 8 all aile, Les at dits al, Reis SN das 
. La aol ads un ll Gus dijs Bat sf 53 di als 


SA: ali dd ah : cle G OU 3145 DBle (a oda 
e Dj gills à DAVIS à lets sul JS jali Ge sat e 
Ads € Ms à poils: Ge à pisadls « aalëls 5,233 4 des 
SU A dl pas 8 Us € pds à dis » gas à 235. cad, 
umblills + Las. gs à OU js 2 Ledlls Cast jf cost 
2 SV, « Gal plats Es e plais < @slélls à 2 y Gad ms 
+ pl à aadl, bull, Lédls Caills e GS : Old G LU Sd, 
Doi hi LS ce 5,6 bn ME gi. OEM, : axléls Ses 
dll ge Lacbil Les SD lue Jo Ÿls La jus Gaule 31 Ji ox di 
. Mules Ale NT pli es G Le patdl ge el 


QE Je palell US due 3 Gall d'yf del je de à dla clrssul 
LAN old, Se NI, lee pu d Ali sa 


de Slt Sub pdt GA Es 


JUÏ 6 sys ÿ ol5 Je Ju lis oÙ de D ste 
js Li Goldis jalgbl sie 5 ge EU dy 8 dyle ill 
os Eli pe bi du Job GS do 5 — 
Dj oi Gal Gus 35 SUIS LI Lau tal, 50 GUSU 5 all ou 

a SDS À dl es La, gl clef Vus Le QU lil, eo 
is Bol jé LS le à La 4 Lo QU 
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a Ts oi à @ I dues o js ass o 15 C5 à Goal dl is 
élus Le LA au ode 4j ds Dljels sLaGY ls plis GA 
. Gall ui aout 3, es dei dés culs We ,és Wiblus 


EME; AU, ete Vi ct Vi 46 Les die 5) 5 a dl cmd CSS 
At gilles lle Ca, Lee ai Cult LL, &Ÿ1 Lalle 
di és ia 538) d5s call 


v 367 dj tel s3ù où + du 5 ce ges du ça êtes GS 
aû Ga OÙ, 2 GA, yat Gall, EAU LA do, 
Sal où Al, OV LA nd 24 2j 
ME à A qe M Legs Vs 535 OÙ pla je Le eau ds &n ll 
5 Si s plly call etssl Je A AE je 15 a Les 51 A 2 
Qt Ge ad Sobldis Jés Gba Whois Ré Sel Lai 
geste We pus Qu lens LAS diet je us ge 

+ ai EMlis les de pl C2 chu 


FER 


is LV ju Le Le Ga alé 3 Le LT Lait ca rè 
ee te EU Sd I Ge Guall LU Le dj Late GLsyi et 
db ep cell al ohut éludl Pladis GA GA 5e de 
Pa vs gl ill SG eL ls 281 La 5e du dole g 5 

+ Mons best bé ous Le Ge LS al pe 


Dei GT sl es dal de les move nee dl ol 
we si 5, où hs CII, dal, JA, pi tail Go 
Be spas GS SU paldl Glasul de es g SI GTA 
Sels glaÿl AT ail ois Qué Le êote ef éU oets Les pui 

+ BY Eat G les ce Lies Lot sus 
AS de JS oe pds Qi Gb JUS Île Zeb ge aû Ai 
GT A gps BG pelle ges eee (er Ale) Gale ce 
tv 


—\ 
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&le le LL 


5 de Ge ca LeY Os, ap 45 se Je CS 5 ju tt 
Br le 3 ES Les LE 045 JS Leu ALI 5 pus lens Wet 
SA pl pes lie (el Se of SSI La culs 516 3 
Ayei d odes ges 4 G Qnë je GI RON de A Gi S 

: SU AE d Gal ss 
AR OÙ anal al Blu, etibe, (eo dl ee Cd 253 Lust, 
Au A f uni Lee Jf Gobassl EL Ga Cu at oui 
& RECENT Bu Qi ll; #3 JU of, asset 4) 
dd le 0 SA Ds AVS ES CS ASIA La LE] Gal a 
On 45 Le ja V] 5x 0] CSI, LE YI Lis ds os st sLdi 
Jtail al Se ss GI AE AI 5e Gui ls 5354 3,31 CAL 
FA ae Al ds cha él pe Get SH pes LL 

+ 35 AM 35kau ie s aus 
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Cards ) 
PS Je si 
den de 

ce de De Os Ge 532 Qi fë di Ji Kia Joke je Done 
BOY à gl gl pl Ga ee of ls à 5 omgl ii 0 Ai ete de 
sis Ce 13, OU oi je Je olilés à GNU Les d] 
SUN 5 guës Ÿ à Ag a qu Gal 2 je ea © 
à dei ON panl Lu Cie Qi JNI SLe e 
LL Gueule Je ile Jr dus dise Lol SIA ode nds 
List ji Pt Bd RU rs. GE ALU pl dl gli ça Les 
ge ds à pl él) GŸ Alél cast di ge SU € ges ele abat 
ge U CG ui els 0 « ai J] BUS) CES id pe Ab plat 
Lou OÙ Bus lys le Les We rés ol ent ges es Gi os 
. JS & Sla À 

5 he qi ON d Eopmse SH sde 
D, æ 3 paf Gall D JAN à DA£e à æAVAEAPY Lili Libé — 1 

CHAN ju). ge he çsolll 
GA e by ete pts. UN + CS js — 5 aid Let — Y 

. CC dj ju). ge Je gli oi = Gomn Lte Gl 
he pli Gil à æYE — mAAVeONEA € Gall à Gi Le = + 

+ CDN a) gode D9 al 0 A —æ (6m 

1byae Os Cbyhe je Un ja D Lil OÙ es pe pall oda 5 js 
4 C4 ob oi 

end x ixidll pe y hell dj Give) je ts ox els 
a «pq eme gi ps à pal GES 3 EAU (Ga Les — 148 31 Ces 
+ JR pl 285 1 € NI ail ces dj 
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LOU 32 gs 

Ki JU Je é 5e à Cu ee Lan 555 g Les 
ce de Je 
: dy au 

dé Se Je cet à lee Jai dej sde 5 Je sf uôu 
Fe eaS ce Bi ds du 7, Ghle x OÙ dj nu 6 HU eg 
np DS 5e 25 à il 5e à AL JAN 5 di älSÿe Jia 
+ 4 852 A as 
+ à du Ji 

Des Al de el Les gt sf ie Us à 3922 3e © de Ji odx 
+ # dal Ge be, à GUN le, 3 és pi la 53 ga 

gi est: AL Je Jés sf ee à! ds CES au és 
. LÉ 2 
: ai gl ji 

A € JU PL Ge Ge GS gs € 559 Au où 
+ LU AL Gale 3 Rs LA SV A Ge jf 
5 Au ji du Ji 

396 ce des où! le Le 5455 7 QU BL AL Ja eds 
SES) ts LT. Bb LAN ds y Oh 25 Li Gl ge su 
af a dl, ee Je ee ji (il, à JUN Se dy af soil 
A cèpes JAI Si je able aus cé - Gp Jyai dus À 
+ Dal ef, 2 cie Ja 551, Je 

wirdes, 1 JS es dB 51 Je Lai eo 
eu ABG 5 Cuus ils Gus Gill sai El, LR eh 
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186 LS de sf: nb 
Lie JR de eCBD de Ji ) 8 Se due 538 JREŸI Je 
de JB 51 pi ol Le péss. 59 ei, Glis Be Les 
Vebe 9 ls. EI Slgeall ls NA Ole Lull BD dati 
eV di y + hdi & di \ 1 8 rai s CHSU perl Les 2 ce JS 
5 8H dus 6 GS gd, CE Gi Cd (de Gr € AU 3 
- gli dvdrscedrerdl\ 
(9) JR — of dj 25 ça gli 5 0 « ou il Le Les 
Ca à y gt Lane one ce cnellé MER 5 DEè G JS 0 lil 
Li El js PR sil JE Ss DEG JE 394 0h « v dir ce Le ls 
5 AA GBA A Se ça E CAS (t JR  ) 6] Gi & Et J 5 
BEA Of « ER dl JE Se DO 15 al, « EG ss les ue (9 
da 9 UT oo, AU Gr lle Li pacs 66 « Ali js. DG:EG = BA 
. A/vA is 
5 ut 4 Ji 
all pe Les Gal sf due is 8e SUN pes ge AS as 
+ due Le Le Lago ji 63125 de SN Q} à Al Ge 2e de 
. GA DA A Bel CU fe & cul one pce de 35% 
gril lea y GI taitdi all pers AE LA Je Qf glace agtous 
de els glés à Cab ay 5 Je lex dl à li QG 6 Dés 
+ Eye 313 SI 
5 dusli dus Ji 
à 5 gl Je Gus op au Ji da gs à DL eds à ee nf côte 
oR gg dE œil J} GLS 6 a je des 1 6 pales à 2 5 SU ill 
Qi LA cle à OÙ da ji pl dj Jess . Sdols tube ga Bleu M 
é- nell due Des La 6 Leila ee GR Les 6 pur 
af lasse ol DS SU Gulf Je GW Jée où vue M5 du 
5 Je de r  Ullel (Ji 23 OÙ Le. spi 3,56 ge où y ut 
A 
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eau Va à de 4 3 se dl La (2e à 8 315 cel JA Se Je 
D AN pos Gé di sde OÙ dla di lé LR pe ls 2 
ur ls ee Qi de 2 deu Vs del 3 45 LS JA 551 Ge ci 
NS, . LS a ou 4, us CU à 8 A à de 0Ù 
DS il es SN LT je çof se LU Ule dé 24 28 Got lie Gbler 
Gel gi äle Le ls SX AU ess « Lui tt Lë La 

- Ke dl ji; 


5 ue Go Dolmi)i — Y 

&odaol e Gouli] à be de À Lp8 p23 353 cl Ge 2M etai 
Sel RAI AA ue Li, nl à éd à elle à osé fol 
Hs e des Dali due pi à De ce pal pl + 8 0 CA : pi pays 33 
soie ue us de af cou Eye bee de du pla nf crypu 
DS à Las ALAN que QU pi ds) à a Jai st, 
+ CRM et G 4 gi di sg à a es sui EN yll 


Je of dès Ses à GEI ci se &ble ea ii eh ds 
CEA AS» 33e Gb Os à (AE 2 AP) Gus À du Léle aulit of 
al ge SN die je 6e LT à UT 5 æ PT) Le ps du À U] 
on Ÿ REV Le 42 La a je OL pu LRU Al 2 ee Bb ste 
e6 8 HAN pd n Glee Lois à Lib Le as. (AV: DATA) LS da pou of 
En la (pe des HV Sale 3 cs 25 06 6 D (NA) te gi EU 
Rue Ji 4e le Le à Lei OS + all qe ef à 2 de yo 
(ur YE:B AN) de sf de ile Let a Les. Je gl dj sil 
Qi tal 4e qe 7 3 lallef (9 audi Co CAR jui aelleet OÙ ja 
DAS GS Je solmeY Lt UÂ, Lu ous a ans ob un À Lys à 
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172 ABSTRACT 


Abbäsid dynasty and the ancestry originated with the Qurayeh family. He 
rejected all kind of irresponsible political intrigues. He supported law and 
order as a good citizen under AÏläh, and advised others to do likewise a à 
good example, 


Finally 1w0 classes of peoples were considered, concerned most in collec- 
ting and treasuring money currencies and gems. 

1. the kings and rulers who through the power of money and wealth they 
succeed to subdue kingdoms and enemies, and win the loyalty and respect 
to their obedient subjects. 

2. the beggarly fellows, the villains, and the rascals as a class on the other 
extreme. They live miserly, avd die regretless unexpectedly and ruthlessly, 


ABSTRACT 


Introduction to al-Birünfs Book on Gems and Metallurey 
By 


Sami K. Hamarneh, Faculty of Medical Sciences, Yarmouk University 


The book on gems and metallurgy, al-Jamähir fi Ma‘rifat al-Jawähir by 
AbOI-Rayhän al-Birüni (973 — 1051) was completed and dedicated to the 
Imperial library of Sultan Mawdnd b. Mastüd of Ghaznakh (in modern Afgha- 
nistan) about 436/1044. The text in the introductory section surpasses in 
worth and exposition any other work ofits kind throughout the entire history 
of the Middle Ages. It compares very favorahly as a literary masterpiece in its 
techno-scientific, socio-political, and religio-philosophical deliberations and 
critical analyses of human character and behavior. By defining, describing 
and/or evaluating such contemporary areas of research the following can be 
briefly listed: 

The part played by sun and moon is controlling of meteorology and sea- 
sons, and the importance of movement and senses in the animal kingdom as 
éontrasted to that of the vegetable kingdom. On human levels. it considers 
familiarity, homogeneity and the fact of being socially accepted personally, 
s0 that individuals as well as communities can get together in friendly aseo- 
ciations and cooperation. This will make for mutual protection and commu- 
nity security, despite differences in constitution, conduct and temperament. 

Discussions were centered concerning the deposits of gems and minerals 
under the earth’s crest, stored for uumberless ages, yet discovered, provi- 
dentially, for good uses and esteemed worth. . Here is comparison also bet- 
ween precious stones and human attributes: manliness and chivalry for the 
ke of showing off as compared to truly patrician, gentility, and true nobility 
in walking the second mile, helping others, and giving cheerfully, 

Further, the author explains the differences berween the awful results of 
indulgence in seeking bodily lusts, and the blessings of baving clean and pure 
heart, and unblameable conduct. Al-Birüni's interest in collecting and deligh- 
ting in aromatice medicinal plants suggests his nicknome, Abül-Raybän-the 
one who adorns roses and aromatics. And in bis wide experience and profound 
knowledge of buman nature, he appraised social injustices, and fought bigotry, 
realising the evils of blind prejudices and hypocrisy. He appreciated and 
valued decency, equality, sound planning, and honest commercial transac- 
tious and principles. He recommended economie, socio-technological metho- 
dology based an experimentations, and critical observations. Being pro-Arab 
in race and language, al-Birünï thus held the conviction and loyalty to the 
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BOOK REVIEW 157 


He isolated at times, what he should gather together and vice versa, The 
dificulty of the subject comes primarily from the fact that it deals with mauus- 
cripts scattered in libraries in all parts of the world. That can be considered 
as an excuse for the shortage of determination, correctness and exactitude of 
some information. After all these critical remarks we would like 10 show our 
admiration for the patience and erudition of the author. 

These are some notes concerning defective points due 10 the arrangement 
of the data and material, we give them in the hope that they may be corrected 
or incorporated in the future “Nachträge”. 


1- p. 70: the number 7 mises. 
2- pp. 73-74: there is a) but b) misses, 
we have seen a: 1-2, but we have not seen b, instead of that we have seen 
2.3... ete. 
Hikmat HOMSI 


Institute for the History of Arabie Science 
Aleppo University 


156 BOOK REVIEW 


mentions all that he knows of every lexicographer, his teachers and pu 
works and his references. He cites in all that an extensive arabie and foreign 
bibliography. He adopts in studying the lexicographers a double analytical 
and synthetical spirit. He mentions all the studies of which the cited dictionary- 
lexicon is the object, all the editions and all sorts of criticism and objections 
or resumés. But he mentions some things that have nothing to do with the 
dictionary-lexicon, or the exact lexicography . + - 

This shortage of exactitude has led 10 a great confusion in exposing the 
material. And this confusion has taken many forms: He gathers some books, 
at random, which are linguistie and nothing else, under lexicographie or lexical 
title. He mentions some books under some division once, but he omits to do 
that another time, He confuses between Coran interpretation, poetry, syntax, 
grammar and lexicography in one place, but he distinguishes between all these 
branches in another place. 

This confusion in exposing the material is the mark of confusion in the 
method followed and in the non-determination of the exact meaning of lexi- 
cography in the author'e mind. We have mentioned in our Arabie book review 
some examples of this confusion and we have shown its different kinds. 


The conclusion to which we have arrived is that there is a difference or a 
discrepaney between the content of the book and its title. À part of the cause 
of this opposition is mentioned in the introduction, but it can not be sufficient, 
and it can not be an excuse. 

The author has to follow the method adopted by the authors of lexico- 
graphy and lexicons who distinguish between three stages of lexicographic 
evolution . . . and who call justly the third stage alone the lexicographic one. 

But all these critical remarks can not diminish the great scientific value 
of this work. And it is not, in any way, the intention of the reviewer to mean i 
Our purpose is to evaluate the book in its bibliographical, lexicographic, lite- 
rary and scientific aspects. This point of evaluating the reviewed work must 
be as much as possible objective one, and it tries to do what it cousiders as 
just and true. 

The primary sources exploited by Dr. Sezgin permit us to know the best 
data collected about the subject in its bio-bibliographical knowledge. This 
aspect reveals the great richness of the research and the width of its range. It 
is clear that he has not gone through all lexicographical manuscripts or through 
all voluminous works concerning the subject. That is why he has mentioned 
many main sources of manuscripts without analyzing their contents. So that 
we are before different levels of analysis, study and examination or survey. 
The author tries at times to analyze at length the contents in order to deter- 
mine their importance, originality and value for the specific subject. But at 
other times, he refrains from doing that and he does nothing but mention the 
title alone without any other determination whatsoever. 


Book Review 


Fuat Sezgin, Geschichte des Arabischen Schrifitums, Bd. VIIE, Lexikogra- 
phie, bis ca, 43011, XIIT + 390: Nachträge (Corrigenda), Literaturverzeich 
Bibliographie and indices, Leiden, Brill, 1982. 


This is the eighth volume of the “Geschichte des Arabischen Schrifttume 
of Prof. Dr. F. Sezgin whose works, or precedent volumes in this field have 
become references in the matter 6f Arabic studies, Arabie science and its 
history as well. 

This volume is divided into six sections preceded by a preface and on 
introduction. The introduction is of great value and major importance, it 
reviews the history and the actual state of the subject treated, then it deals 
with the beginnings, origin and evolution of the Arabie lexicography, Finally 
it studies the sources of our knowledge of the subject itself, which is constituted\ 
of primary reference material, These sources are of two kinds: one of bio- 
bibliographical sources and the other of lexical sources. Furthermore, it con 
tains the authors interpretation and evaluation of the status of the subject 
under diseussion, its origin and beginnings as well as its evolution, based, iu 
general, on the sources mentioned in the introduction iteelf. 

Such kind of study can be compared with many works-on the same suh- 
ject-in Arabic and European languages. But Seagin’s work is distinguished by 
its richness consisting of a long survey of manuseripts aud a long list of refe- 
rences which is a distinctive feature of the work in its scientific value, But 
the method followed by the author in studying the origin of Arabie Lexico- 
graphy is not so exact that it can be sure in its results and conclusions. Sezgin 
has not answered exactly and sufficiently the question on the beginnings of 
Arabie lexicography in preislamie period, and the influence of foreign factors 
on Arabie studies. So that the author sees in the Islamic-spiritual milieu the 
point of departure and the cradle of Arabic lexicography without any forcign 
influence, except in an inessential way. 

Under the second section, following the introduction, the author studies 
the fret lexicographers and Fusaha' (eloquenta). This section shows a con- 
fusion between many different elements. and a confusion between the vague 
beginning of lexicography in its linguistie form and lexicography in its exact 
meaning and form. The author follows a geographical method of division and 
classification, That is why he classifies the lexicographers according to the 
different countries. This kind of classification is the cause of another kind of 
confusion commited by the author in his study and research. Under the third 
section he studies the lexicography in Iraq: A) Basra, B) Kufa and C) Bagdad. 
Under the fourth section, he studies the lexicographers in Persia, the fifth 
section in Arabia and Egypt, the sixth section, in North Africa and Spain. 
And in the last section he studies the unknown authors and anonyma, He 
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that it was ever used for predicting whether or ot an infant born within the 
seventh month will perish. For one thing, the calculating can be done only 
after birth has already taken place: yet at that time it would be more sensible 
10 wait and see if the baby makes it. Moreover, the application of this method 
requires knowledge of the exact date of conception, which one not likely 
possessed very often in those days. But even if this precondition be fulfilled, 
there remains another weighty objection: Since in the middle ages, physicians 
did not have sophisticated technical equipment at their disposal, seven-month 
babies would rarely. if ever, have survived. Therefore, we prefer to classify 
Thäbit’s algori thm as a kind of arithmetic exercise, as an attempt to give a 
more elegant mathematical formulation to those rules that, according to 
Galen, determine the viability of seven-month children. 
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conception and of birth are known. This mathematical procedure may be 
applied even by a person who is not familiar with the complicated theoretical 
considerations that underly its formulas, all the more so because it contains 
no more than four constants and is thus easy to remember, One merely has 10 
introduee the relevant data of the particular baby into the appropriate for- 
mulas, then compare the results obtained with the actual length of that preg- 


nancy, and finally look up the corresponding conclusions as for the viability 
of the neonate. 


Tu the concluding part of the Epitome, Thäbit gives for the different atepa 
of his algorithm speeulative reasons inferred from Galen’s account, which 
yet is less definite on this point. The arithmetie determination of the viabilty 
of each individual seven-month child rests on the assumption Chat measuring 
gestational length by calendar periods is not only a matter of convenience, 
but is ultimately due to the fact, that the natural process of gravidity is go- 
verned by celestial cycles, in particular by the revolutions of the two great 
luminaties sun and moon, which also define those chronometric units. Jo other 
words, major events in the course of pregnancy, ahove all the event of birth. 
are supposed to coineide with, or rather be brought about by, special positions 
of sun aud moon in their orbits. For that reason, the months of gravidity have 
to be established in accordance with the actual motion of the moon. 


As human pregnancy fails to take a whole year, which would equal a com- 
plete revolution of the sun, its greatest influence will necessarily manifest 
itself after one half of the solar cycle, which is regarded as an important cri 
tical period, t60. Therefore, half a year is considered the minimum duration 
of pregnancy. In aualogy to the significance of the semiannual period for 
human reproduction, half & luuar cycle is likewise thought 10 define a 
critical time of prenatal development; of course, that semimonthly 0 
produces its effects only with regard to the first and the seventh lunar month 
of gravidity. In order to be ranked among the viable seven-mouth children, 
an infant must have experienced at least one half of the month of conception 
and of the month of birth in bis mother's womb. According to this hypothesis, 
seven-month babies capable of living are always conceived during the frst 
half of a lunation, which is counted as the Brst mouth of pregnancy, but born 
in the second half of the seventb lunation, on condition that the whole period 
of gestation (caleulated by days p. £.) does not amount to less than half a year. 
These are the premises that form the foundation of Thäbit's algorithm for 
testing seven-month babies' chances to survive. He even gives an additional 
formala which serves to make sure that birth did not take place after the 
child’e entrance into the eight lunar month of intrauterine life, since being 
born in that month would allegedly be fatal without exception. 


All things considered, however, it scems to be not unreasonable to doubt 
that Thäbit worked out his mathematical device for practical use, or at least, 
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As to the contents of our treatise and its historical assessment, | present 
here a short survey only, referring the reader to my study in Sudhoffs Archivt. 
The doctrine of the viability of seven-month children as opposed to the non- 
viability of eight-month children, which ultimately goes back to a prescientific 
belief in the universal power of the number seven, was little disputed in Greok 
antiquity and almost uoavimously accepted by medieval writers in East and 
West, mainly on the authority of the Hippocratie authors. Thäbit's contribu- 
tion to this subject is based on Galen's treatise De septimestri partu. of which 
only the latter part has survived in the original Greek”, but is preserved 
completely in an Arabic version by Hunayn ibn Ishäg*. Galen’s book may be 
described as à considerably extended commentary on a passage of the Hippo- 
cratie treatise “On Eight-Month Children” (De octimestri partu}", where the 
minimum length of gestation with live birth is said to be half a year (or 182 
days and a fraction), a figure illustrated by a caleulation of the day of birth in 
a fictitious case. 


As to Thäbit'e adaptation of the Galenic treatise. it is not a paraphrase 
whieh keeps closely to Galen’s train of thought, as might be expected from its 
title “mukhtasar®. Thäbit rather selects from Galen's somewhat verbose 
argumentation the essential facts and treats them largely independently by 
reformulating and rearranging them according to his own purposes, which 
are obviously more mathematically than medically oriented. The Epitome is 
divided into three parts. In his introduction, Thäbit mentions bricy Galen’s 
starting point, vis. the difference of opinion on the principles determining 
gestational length which oceurs in the Hippocratie Corpus. Then he cites 
Galen’s empirical data on the interval in the seventh month during which 
viable children may be born; he found it to range from the 184th to the 204th 
day post conceptionem. In addition to this rough determination, however, 
the dates of the particular pregnancy have to be taken into consideration. 
According to Galen, the newborn is only capable of living, if the individual 
dates meet certain prerequisites, as explained in the third part of Thäbit's 
adaptation. 


In the second and principal part, the calculations put forth by Galen to 
exemplify those conditions are converted by Thäbit into an algorithm, « 
sequence of arithmetie operations and check rules, by means of which it can 
he escertained, whether or not a child born on whatever day of the seventh 
month of gravidity is fit to be brought up. provided that the exact dates of 


6. See above, note 3. 

7. The Greek fragment was edited by Hermaon Schône, *Galenos" Schrift Gber die Sishenmonats- 
Kinder‘, Quell. Stud. Gesch. Naturwies. Med, 3 (1933), 328-346. 

8. Edited by Kichard Waler, *Galens Schrift “Über die Siebenmonatskinder" *, Kivista degli 
studi orientali 15 (1935), 323-357; 16 (1936), 227. 

9. Hp. Oct. 4,8-10: CMG I 2, $, 88-90 Grensern. 
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NOTES AND COMMENTS 


Thäbit ibn Qurra’s Epitome of Galen’s Book on 
Seven-Month Children 


Ursula Weisser 


The Arabie miscellaneous manuseript Istanbul, Aya Sofya 3631, contains 
a collection of Galenie works either in translations or in adaptations by Arabic 
authors, headed by Hunayn ibn Ishâq's famous Risäla on the Syriac and 
Arabie versions of Galen. In the second place, there appears a set of seven 
compendia written by the renowned Harränian mathematician, astronomer, 
and physician Thäbit ibn Qurra (cn. 221/836-228/901)", among them (fol. 58 v- 
61 r) an “Epitome of Galen’s Book on Seven-Month Children” { Mukhtaçar 
Thäbit ibn Qurra li-Küab Gälinüs fi LMawlüdin li-sab°at aëhur)*. To supple- 
ment my German translation of that treatise, which was published a short 
time ago along with a detailed discussion of Thäbit’s version in relation to its 
Galenic model, I now present the Arabic original, depending on the Aya Sofya 
codex,t which until recently has been thought to be unique. Lately, however, 
Llearned from Fuat Sezgin that he had discovered a second eopy in the State 
Public Library of Leningrad/USSR (no. firk arab 163), but had not succeeded 
in obtaining a microfilm of the manuscript. Regrettable though it is that I had 
to rely on a single source for establishing the Arabic text, yet the Aya Sofya 
copy apparently represents a rather authentie tradition and does not raise 

serious texual problems except in afewinstances. It is written in a legible, 
partly vocalized maskhi script; the diacritical marks are frequently omittedf, 


1. These compendia were first reported by Helmut Ritter and Richard Walzer,Arabische Überset- 
sungen griechischer Arste in Stambuler Bibliothekea”, Si. Ber. PreuB. Akad. Wiss., Phil-hist. KI. 26 
(1934), 832. See also Fuat Sesgin, Geschichte des arabischen Schrifituma, vol. 3 (Leiden, Brill,1970), p. 261 8. 

2. In Jbo Abi Ugaïbi‘a, “Uyün abanbà" fr tabaqät ol-ajibba',ed. August Müller (Cairo, Künigeberg, 
1892-1884), vol. 1, pe 218, 1. 19 s.,it is called ‘*synopsis"” ({ancdmit); Ibn al-Qif, Tar#kh al-fukamä”, ed. 
Julius Lippert (Leipzig, 1903), p. 118, does not mention the fact that it is au adaptation of a Galenic work. 

3. Ursula Weisser, Die hippokratische Léhre von den Siebenmonatékindern bei Galea und Täbit ibn 
Qurra', Sudhoffs Arehiv 63 (1979), 209-238. 

4: Tam much indepted to Professor Fuat Seagin for a microfle of the manusript: 

5. For a more detailed description of the codex Aya Sofÿa 363], see Gotthelf Bergtträfier. Hundin 
in Ishägt Über dis syrischen und arabischen Galen Übersetsangen. Zum ersten Mai herausgegeban und 
überactst ( — Abhandlungen für die Kunde des Morgenlendes 11,2. Laipaig, 1925), p. 
museript is dated Tth/Bth cent. H, 


À New Type of Numbers in A Seventeenth Century 
Manuscript: Al-Yazdi on Numbers of Equal Weight 


Aumeza DjAfFART Naïxi 
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Used literstur and indications for its procurament 


1° Djfafari Noini, Aliresa: 


2 Hätün Abädi, Muhammad: 


8 and, Mubammad Bäqir: 


Geschicht der Zahlentheorie im Orient im. Mitté- 
lalter und zu Begina der Neuseit unter besomderer 
Berüchsichtigung  persischer  Mathematikor, 
(Braunschueie: 1982). Verlag Klose & Co, 


Sark “uyän al-fisab (Commentary on *Uyan al. 
Hisäb'), printed in 174h/18h century. 

This translation is to be found in the library of 
Parliament of Teheran (Kitäbhäua-i  Maÿlis-i 
Sûrä-i Ml) and it is registered there in the 
Volume 6 page 107 of the list. At the same Hbrary 
a mierofilm of this translation is olso available 
under number 2130. 


“Uyän al-hisäb (Spring of arithmetic), printed in 
17h century. One copy of this work was taken 
to the collection of maguseripts of the Central 
ibrary of the University of Teheran (Kitäbhäna-i 
Markari Dänisgeh) and registered under nmaber 
464. 
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* You might guess that further perfect numbers were isolated numbers 
but that is not right (we took the numbers up to 50? in consideration) as for 
example 


496 (496, 652} 496-652. 
s valid as well for the pairs of amicable numbers 
220 {284} 
284 (220, 562) 220-562 
Ci 
and 
1184 {1210, 1336, 2362} 121013362362 
ge ge 
1210 {1184. 1490, 1604. 1898} 1184-1490 16041898 
ge ge 6 
As there is to be seen in the table showing the numbers m — 0,..., 100, 


no number has the weight 2, 5, 52. 88, or 96. From those 101 weights 32 
(oumbers) are weights of isolated numbers. Furthermore the rest of 64 
(aumbers) are weights of numbers of equal weight, from which only the 1 is 
the weight of an infinite set of numbers of equal weight (theorem 1), the other 
63 (numbers) weights are a Site set of numbers of equal weigbt as theorem 
4 generally proves. The following is to be stated: 


If the set of isolated numbers is finite, the set of numbers of equal weight 
having a weight of > 2 will be infinite. If the set of numbers of equal weight 
having a weight of > 2 is finite the set of isolated numbers will be infinite. 


After the knowledge of that interesting kind of numbers has been spread 
hére 100, some mathematicians will surely be found who will study their 
properties and perhaps will develop further theories, 


We are not able to answer the question yet in what way Yäzdi found num- 
bers of equal weight. Muy be they are the result of a mathematical play or 
they were horu in a field outside mathematies like magic or some sort of that. 


About further achievements of that Persian mathematician in the field of 


theory of numbers like perfect and amicable numbers you may read in my 
Look [1]. 
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“{n) sm of equal weight: 

76 {48,92,146} DA 

#7 {e19,355,1003,1219,1363} 2995851008 1219651360 

7 {6} 

LE] 4265,497,737,1037,1124 EDP PAL PAL PLE 
1457,1517) LD PET 

80 té2s1} 

CI fier sa sit ent, (169,190) | 147g1530611 074116921591 

8e {158} 

#3 137,781,1287,1837} CUPLIPRES PE), 

4 {eus} 

ss 1395,803,923,1139, 1603, 295 800 9221109 MOI 
1643,1739,1763} 1641721763 

8 {ice} 

87 1105,249,563,94,1273} 102 5080 1273 

88 8 

8 {74 416, 1207,1711,1927} GANG N2 07 V7 1927 

90 (susa} LL 

si {Sa1,865, 12a1,1349,154,, at AAA 
1769,1829,1981,2021} DE 

se {83,178} CA 

9 1267,1027,1387,1891} ÉUPALE AE PAL 

sù {6} 

55 {045,913,1633,2173} DEPEEPAC EP LE 

36 0 

97 1245,275,623,1079,1343, GUPC EP PAU PRET PS 
1679,1943,2183,2279} 1679 1983 2183 2278 

ss {5409} 

99 {1501,2077,2257} 1801 2077982257 

100 {424,194} LPC 
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14 
75 


LL Numbers of equal weight 
H41,301,481,589) LPS) 
s 
{e35,451,667} 2354516667 
{02,2809} 42532809 
486,329,473,533,629,713} RP PPE EPL PS LS 
{oc} 
499,159,343,559,703 PAL PRESS) 
163; 
de55,517,697} 265555175697 
Bas 
nen,ntmsest est | 7173107796 851;5 098 
{118,3721} 1egs7et 
{64,177,817} CUP 
466,76,122} ÉPUAE 


it7,183,296,58,799,943) | 117518366298 6836799043 
14} 

H205,413,689,895,989, 1072] | 20535412 689.892. 089. 1073 
lasss} 

{427,117} #27 1187 

{134} 

feo1,649,901, 1081, 1189} 2015649950 10811189 
{5041} 


188, 175,335,671,767, Sn 8867 5767 
11287, PELLE 

1007,1247,1271} 1007 gg 1247 gg t271 

{70,142,5329) TOgs 14255329 


l213,469,793,1 a 
{213,469,793, 1333 CPR PAL] 
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{46} 

{69,133} 

{8} 

{ns187) 

ti} 
122:125,161,209,221) 
{58,961} 

{45,87,247) 

{6e} 

493,145,253} 

test 
{155.203.299,323] 
{1369} 

4e} 

484,78,81] 
{83,111,319,391} 
{0,1681} 
{50,185,341,377,437) 
{82,1849} 
{123,259,403} 
152,86} 
4129,205,453} 
12209} 
175,215,287,407,527,581} 
{40,94 


rs of equal 


6133 
NSgt87 


ÉLUS) 


sg %6t 


PUF OU 
gl 253 


1552203 323 
15203529 


A7 age 
CAPE) 
30651681 
ÉMALEPUPE LE) 
Beg 149 

13325935 403 

saxe6 

1922055483 


T5 287 oO 27655 


LPC 
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g'‘(n) ml llunbers of equal weight 
o fi} 
1 [Pekess,7. Le 
2 8 
i 4} 
4 #) 
5 C) 
G (6,25) ges 
? B} 
8 | 14) LP 
9 us} 
10 {a} 
“1 41} 
12 {rer} 
13 427,35} 2 
14 {22.163} LA 
15 {16,33} 1623 
16 {12,26} LE 
7 439,55} Er 
18 {289} 
19 465,77} 57 
20 {34,361} 3435361 
2 {i8sst,91} LPGPE) 
2 {20,38} 205538 
#3 157,85} DA 
24 {529} 
#5 495,119,143 ÉPALE PAL 
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twins. We want to show the Brst two succecding numbers of equal weight here 
+00: 


de SRE pub, 2 


25 = 51 9 = 7 @ 
Rule No. 3 says: 
You can fnd numbers of equal weight from a pair of numbers 
a= 2m n = 2,3. 


b= 2m if the condition 

pa — (2 — 1)p = 22 (2-11) is satisfied, 
For example 
2.3 20 


2 at ns 


The following table shows the values of 


[l 


F.s 
382.19 (2) 


s'(n)=m for 


tom — 100 a. 
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Now we have to study the formation-rule for numbers ôf equal weight. 
There are different rules applicable for finding of numbers of equal weight but 
the most interesting ones are the rules No. 1 and 2 described by me as follows. 
Rule No. 1 is an extension of Yäzdi’s rule. (His condition pi + Ps = 2" cun 
be omitted.) 

Rule No. 1 says: 
From a pair of numbers of the form a — pipi(pi < ps) 


b= q qq < q) 
you can find numbers of equal weight if the condition ps + pa — qi + qu is 
satisfied. 
After that the first two successive numbers can be established. The sum 
of thoir proper divisors (their weight) is added in parathesis. 
39= 3 .13 an 2: 65 5,13 ao) 
55=11. 5 T= 7.1 


Yäadÿs condition taken into consideration 87-247 as the second pair 


x: 


of numbers of equal weight would follow first said. 


My rule differs from Yäzdi's in the fact that, if you use it, you can produce 
much more numbers of equal weight in finite sequence. Of course it can be 
extended to numbers of any given factorization into prime factors, generally 
said: 

8 = piPs-- Pr 

b=gp...qe 
So the pair of numbers a = pipips 
will be of equal weight with Bb — qi q1 9 


if the condition 


Pi Pa “+ Pa Ps + Pa Ps + Pi + Pa + Ps = qu da + Qu qs + Ga + qu + qe + qi 
is satisfed. 


170=2., 5.17 
Examplet 182 = 2. 7.13 (154) 
302 = 2, 151 


Rule No. 2 derives from prime twins. 
It says: 
If p, gare successive primes with a distance q- p = 2 then you will ind q'o2p 


because the condition a’ (gf) = 5’ (2p) — 3 + pis satisfied. This theorem is 
aléo valid inversely, ie. if the condition g'E2p is satisfied p,q will be prime 
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The first result is m = 0 (2) , N,, includes max + =Ù 


add numbers and they all are square numbers. (N,, may include even num- 
bers as well). 


k 
Ib mæl(2): »=00)= [Tarn + cute 12) 
k=] 
k 
n=2im= 1 T[a+nsiosatri=10) 
k>1 k=2 


= a = 0 (2). 


The second result is m = 1(2) , » = 0(2), anyevenne N, either an even 
square number or the double of a square number. 


LA m+næ=0(2)=mæn(2) 
k 
Ta. m=n=1() = Otps ++ pe) = 0(2) 


k 
n=1@=TT (+1) = 9 (2) = at least à à add n # D. 


The third result is m=r<l=r#n. 
k 
Le ñ à a) 2 
Ub. mæn=0(?) — Gti ++ pr Vs 0 (2) 
k=1 
k 
n=2;ins 10) Il {au+1) = 0 (2). 
k>1 k= 


1 
The fourth resultis  m=n=0(2)— 2" or n1# CO. 
Summing up we can write: 

m=0()=n-0 


+ S7af see Ernst 
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Proof: First the following evaluation shall be taken: 
Nu = {n; 0° (n) = m > 1 ; m (fixed) } 


Na € {4,5,6,.,.,(n-1)}/ } Ke PE 


plait()=mæmzl+ 


or p{m-l)>n;forfrom p < m1 follows 
6'(p)=1+ p<m ; from p = m1 follows 
cp) = p + 1 = m : from p > m follows s'(m)>1+p>m. 
libe  o‘{(n)=2 1:0{(n)+n=co(n):Ny={o(n)=m+n}. 
d ln 
d<n 
Further more be 


np pr pr spi <Pa<..:< ps primes and 


msi meN. 


there is then 


k k 
TGtatne + +n%)=n + Tu: 
k=1 


k=1 
The following distinction of cases can be established: 
L m+n=i() 
k 
10)= T put co + pet) 1(2) 
k=1 


Ia. m =0(2); 


k 

m=l()= TI (+1) =1(2)=4+1=1(2) 
k=] 

= & = 0(2) = n = D square aumber 


Nue {#,5,7, - @kHP}:2%k4+1<m-iSk<E- 1. 
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In this day’s written form 
P=p+ipmp.p=a 

It be of equal weight 
= qu += qm.d=b 

s'(a) = a(a)-a = (pi + 1) (p: + 1)-m. 

ob) — a (b)—b = (qi + 1) (qe + 1) — qq 

= 6° (a) = a (b) 

To this the example by Yazdi: for n — 4 

M=16=3+13—a— 3.13 = 39 


p+m+1=2+1 
q+qg+l=2 +1 
+1 


It be 
%=16=5+1—b=5.11=55 
a'(a) = (841) (1341) — 39 = 17 = 0° (b) = (541) (1141) — 552 17 = 241 
I add as another example: for n — 5 
2—32—9294 3—a—3 .29— 87 
It be 
2 = 32 = 19 + 13— b = 19.13 — 247 
ca) = (341) (29+1)- 87=33—2% +1 
9° (b) = (19+1) (1341) — 247 — 33 — 2 +1 

The next pair of numbers is therefore 87 and 247. 

Yazdi did not answer the question in his manuscript if there existed ano- 
ther method besides the described one leading to finding of those numbers. 
This is remarqued by Hätün Abädi. In a marginal note (Copy 2) he adds a 
smaller pair of numbers, 12 and 26, the sums of divisors of which are of equal 


weight (16) as well. However Hätün Abädi does not describe the method he 
used to find those numbers. 


As far as I know, no one except Muhammad Bägir Yazdi and his translator 
bas studied those numbers. 


Here is following the theory I have established for those numbers. See also 
[1, pp. 63-72]. 
Definition 1: £a, b € N ; & (a) — a — © (b)—b, then a, b will be called “of 
equal weight”: = a°b. 
The following theorems eun be derived from the definition of numbers of 
equal weight: 
Theorem 1: mgeP— PeeT 


Proof: s(p—p=1=6(j)—4 
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From theorem 1 can be directly coneluded 
Theorem 2: a=qeP,beN; aggbéb=qer 
The relation “ge” is reflexive, symmetrical and transitive. 


Theorem 3:  Assumptions a Æb; a, bGP ageb 


ceN: c>l; (c, ab) — 

Assertiont … aeGzhe (x means, that 27 not is valid) 
Proof : Tudirect: assume acpgbe s 

G (ac) ae = 6 (be) - be «) 

a(a)-a = o(b)-b @) 
From (1) follows: à (a) 5 (e)— ae = o (b) 6 (e)— be 

= 5) ZA 2 A - = 5 ce 2% @ 
From (2) follows: a (b) — 5 (a) + b—a. 4) 

(4) set in (3): 

DTÉCEPETET ES SE ECS 
of ba = 3) b£a 


AL 
results in 


51e = 1] contradiction. 


Definition 2: a € N,a will be called “isolated number” or “I-number”, if 


for every be N, b a is valid agzb. 


For the number of ‘numbers of equal weight’ with equal weights is valid 
Theorem 4: Itbe Na = {ni 6 (u) = m (fixed) }. 


So N,, is either the empty set © or N,, is an element of a set 
= {mi}, ie. ni is an “isolated number” or N,, = Ni is the set 
P of all primes or N,, is a finite set for m > 1 and there is to be 


applied 
>! lipe P. 


pP£x 


[No] <(m-1) -1-7((m-1))-x (m2) with x ( 
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Copy 2: Page 298 of *Sarh “uyüa al-hisäb' 
by Hätüv Abädi 
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Copy 1: Page 102 of the work Uyün al-hisäb 
by Mohammad Bäqir Yazdi 


A New Type of Numbers in A Seventeenth Century 
Manuscript: Al-Yazdi on Numbers of Equal Weight 


Aumeza Djafrart Naru* 


TO THE GROUP OF PERFECT and amicable numbers there is to be 
added a new kind of numbers, that is ‘the numbers of equal weight’! 


I discovered those numbers Grst when 1 studied the work “Uyün al-hi: 
(Spring of Arithmetic) [3] by Muhammad Bäqir Yazdi, a Muslim mathema- 
tician (died by 1637). 

We don't know much about the life of this scientist. But we know that he 
lived during the rule of Shah *Abbäs 1 (1587-1628) and Shah Safi (1628-1642) 
both of them rulers of the dynasty of Sefewiden. His most important work is 
the mentioned manuscript “Uyün al-hisäb”, later translated from Arabic into 
Persian by Muhammad Bägir al-Husaini al-Hätün** Abädi in his work ‘Sarh 
Suyün al-hisäb' [2] where he also gave occasional comments by marginal 
notes. Yardi dedicated a proper chapter of his work to numbers of equal 
weight titled (Copy 1) “A chapter about finding two numbers of equal wceight 
the divisors of them (sum) are equal.” Otherwise explicated the definition is as 
follows: 


Two natural numbers a and b will be called ‘of equal weight’ if the sums 
of their proper divisors are equal, or 0° (a) — 0° (b). 


Muhammad Bäqir Yazdi indicates the following formation-rule: 


“We decompose any even number, once additively into to primes and 
another time into tico other primes and take the product of either of them. 
Example: We decompose 16 once into 3 and 13 and take their product, 
and another time we decompose 16 into 5 and 11 and take their product. 
The noo numbers, that is 39 and 55, are of equal weight, the sum of the 
divisors of each is 17° 


* ‘The author is a lecturer in mathematics and its history at the National University of Tran 
(Shahid Beheshti University). 

** The transliteration follows the JIAS' system with some slight modifications: 

c=ée=b.uw-s. “ 

1. The word ‘of equal weight” was translated from the Arabie word Jolxs (symbol : F7 from thé 
German expression for ‘of equal ight” : ‘gleichgewichtig"). 

2. There is probably meant ‘power of 2' since Yäzdi respectively started from the sequence 2 in 
the precediug ebapters of his work (perfect. abundant and deficient, amicable numbers) and ia the 
following example (16—24) as well. If the power of 2 is not à condition the first rule (see below) will 
be valuable. 


The Arabic Text 
Wales 8 SN és Gi d) Glal s ga, 


CARTES 


sf de gt dl ga nel gd, . cu as pos Ji pe 

2 ge. ie ge At fi po. JU gui que el Ai Ji, GS 
Eu de I es geill ge is DS, . Wu 4 abs léde di dot 
Cl ebtt as Cite ie ce cents à de à ie Gi lle 3 SN AG 
AQU agi du Gels e al de ON O5 en GR pli: U lé 
jgeses à dl ab op Bye OS La CG . 5,0 ol EU plats 
Sp del à 3 DER gd 53 e à ouf « af eus . ALES es 
dj sue Gus Lil QJ Jai 5 of çle Obs Ai des als à 313 ce ànke JE 
QUE] Ge ae dlais Qi di EN € dj ess. dy Le el jé sde 
eg Ab. a dj sue us List UN bal 25 of &ébe à al Le put 
ce Lai au qe dede DS 4,554. dau, au Qi Le (oui lle 
Qui AU 5e QUI JR, QU ee Bei els JŸI JS, GAS plél 
25 qe di os del Us 3atl Li ae ss DS Ge 
et 355 gd Lai u je 6, LU, Rue Le (le cdi ou + ais üfs 
Sel ll En dsl fs d es dlele Dés op ot sedl ls 
das (D1979 65 Gébels 35 dos A le ë . Eu lis Je 
de gl gill ce oil Bu, di A8 0] oi d'a Ji es L ds gl 
Ours ae d] Eikes agis Jeudi gl ge OS des. Pr 
Lis 5 HA op dde Je m9 JV 51e OS je 353 lle. Lele A 
à agi 05 os AY 33 put 2 IST àgs sue | se LUS Lt Qj ad 
(G 210) Rs à je de à EN af codes 5 pad 2 SCA bé lo Les 5 Lis 
GS dy. ei gat y ane Chen QU MSN GES LS 0 4h55 «jar s ane 
Ver 
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5 63e Le À 3 IR 5 LES Lis 5e ati A eat Ga ps TE 
DA A EN 33 à Le bals Le el (I IS os Le ce Li Ets 
M à 65 pl Lu GG QE LE GS JS LS 5 A 363 
als à JIM (11807) sd HAE Gus 0 is ane EL ge AY ou 
JAN phel J5 us Ra sf ds. Ai el 0] Li 5 ei 5,8 di 
loi à Ÿ Us JV que y exe g JON a ed as 
gs JUN 51, LE, . Ji 51, JG Que Ce Ds lea, 
5 pal La lle (Ji Leu def à je GR ee Ge y ns le 
Sp d Je les 0,6 Ale à ele 0] 5 de Jay. sas la Guils 
Le Viet ge ui si es - aasfs Nu Loi 0, , Jui 
sa JA US os dus. Le (D 107) 48 Le + ple à ls it JUS 
âne Lil ai LL Lala bles a SV ef g Li, ài 48 0j ei 
GN, 3,9 QG M eLSŸ Je à Jes 5e ol dut ré de WS Un 
Des Le HN CE 8 Qi 53 SU ge Cou 68 Qi. pe Ÿ 
got 8 Ab de gas LS Gé af GIOU dl es à de Gays 
LB JM 1 ouf Ge, 15 € el5 ad Les LS La ait L,,81 
dérshrrdes 
pe de dy LU QE LOT de pus à so de age ill gisu 
QE gas à 3,9 duai 6 HA due 5,0) je dé Ge à pi de de Eli 
gs eu Le Lo D Le Ci es à GE ee GE 
G eNl oia Li Vue à 8 Hi cou 3 9 cuais & GS di gi 
Shi ais JU 51 UF, BU Gi jf je li couet JE 591 
de dj af 45 (C210) de ge Lot Get EM Le JE 5 
# Gé Q} Ai 25 ge 5,93 à &e d) M &5 je GE pdts e ji 
Li de JEU phil, BE Jj dj ui de EM JE 55, LT. Gti, 
(D198). 5 Je lis, . dmll Uj AM 25 (je 3 A caille sut QU] ce 
Vo EE ge dis de EH JE Sa 
Suties ol de dE phil, 

des 


8 lo Coei Loi 1) af lus à 5 se col 


12 Lors 2381 de oi dl gl get al als 
Ve Ye ce 86 de 8 SA Ces 
ca Va) ge als de bs#ls 
ete ot de SE péls 
À ee Ÿ RÉ op 8 je 55 us 
le eus ce is JBI 31e à lines dll call hi 32 Li (11307) 
dy à a Ge das JE 39, 4m Gate je del, JS els dus. C5 
dis dols Las call CHA Ge dll OT 13 af es. Let ban 
à dl Lan y cat UE 225 0, «5 SV ls cie d] del ue Ji nai 
2 AS lee. Tants 0, Las 5 que JE es Lin nef ou JE 5e ob 
la Le dj ag Le Lise pu son Les sp oi As 5 » Aeë à] 
ce JE Sr je 546 Dies US Ses Cl dj &f us 
g adj We Je Ji pi gi AU Ge Je Css. Lai led 52e 
où de dla Ji 345 Lai TJS di b Go « el 5 ES il OUR 
de dll LÉ QI 8 HA 5 5 Quai LS 3 SU Gé la 55 us JS di 
(1989 eu OÙ Cu ee JS 2252 A UE Sas 8 AA Se Cu Lei 
die. bone lies. 8 Dé je ui sep lai Eu pi] 
Fret Sais psy Qi EAN Le je ot es 
ot ses ais VU] Dai sg 5 0j Di c 3 Solos 
8 AA JS Cole 95: 5p de li pa 295 € 6 ll hi coai LS lui 
Vale lat 0,6 el 5 ER > di piges JE Ses 
. J&Ÿi Sp D DES des e UE day « 8 due Go ner 
(e 211) L cles LS y. lys Cu se } sue DS Lestl JJ all di Us 
Œei épils nai lu js ddl pe aël Je 45 U 55 EI 351 44 6e pal au 
cavlus JE Sunibés Li less Css, la; (A3 A 
LE 5 Quoi Gus à Les je à Di de M] oi as 2 Of Eues 
= A ge tk JS ei Lay 26 UV 35 ds 6 50 des (oo 
gs be dj js Le us Oo ds Jj 53 de 25 lens. 6 Hall Ca çà 
OR Gr Le 85h 33 (1181) dus 3 a de LÉ, Gil I Et Luis 


jo 
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55 Le 24 dus LS Lai D57 540 ei ge JS 4 à dë 
à poivre (D 199) chei EuSs Li de dl poil uns if no be ul 
Leurs Bei à 5 35 3 225 OÙ à Qi Le cs + pour 4 
je 25 dé G'oc us pins be Misc de aus 50 be U| 
as el UN MES Do de dj » 3 de à OÙ Las. ù Le gi 
GS je 50 pro: di dass Ds be guise ga 
is pégeovieediprisn le jo us 
5h jeoverdnbijesose sis. midi 
25 0,8 LS à due QI GS LEŸ EE, aus dj El us La 
Lis, y dus QU] des Qus 55 Le j'ov ur we dis; le pe 
Ruiisskuiuos end jeruwsss 
Dos dec usés. je gli 35 de OÙ 55 5 dl 
Lisa Se 5 pou DE 0 75 be dis Le Les 
NI dog ur oué 25 Ai | ES 75 Le oo ds 
Gus À ds dus Bus ea Qi + Ed GS RS 75 Le G 15 us 
Doi 33 be vs ds de gs ii 0% Laf slide. és 
(D 1999 Qf des Bus 5005 di 35 de ei à Los dis; de Les 
Ge 7 oué le EjQ us gli Fiurf né Lis. ee Bi 
gs SJ De des. te if di (GR ES « Lo Le dl 
Les 45 dl QU juil 25 We ue F3 0053 5 LS L 5e 
Ji Ju à Lui jan . mue dj te BUS (as + tes Ré dl di 
3 A Le 0 45 y Got des G UE li EM er Lu ç gs 
Ge a pe Qol € Pr me ge ele 5,263 lé Ji ce 
dl La Us 06 69. le Y pl ge gril OÙ 4 cils né 3 
à du go Mas « Dge dome ae ge ele 8,289 db 2 qu clel 
ele OS Ge à Gens dois ge Vu lee damss ls di où M 
ag à Le ‘ou du ge os LE se IS ge ST Le cd 
os up GE 0 es de js. 6 G LI 131 83 get fe 
LR 


120 Llers 39 de af di gli sel gl at 

ee dy Le LR au ele JS JEAN A Gba 1j oi 3 JIKEÂI 
pa dl «Jai QU aj on ils. AJ) edf, Qu pe JU yo 5Ÿ 
DR ge ess gui aile at des. al Ge La ei je AT of 
PS 4 0) à 5 Gp dB Ma es adj él à 25 fs. EN dj le 
oxë pl la G ce BU EubmoŸs 123 Lie Lilo; j ges À DS je eu 
Le ae Gel Vs clad gaus oeà (Le dla © olpe olll Lis Jlaïe plu oras 
cop JS G iii dt SN Je Gi di glall AL; (D 2007. &ess 
+ dolls à dadls dote ge. gli el 31 JT. GLS. ar ul LS d 
gs Le 593 ddl ill JR de ate aie du es gill DS DIS 
+ A ja oc Jan à 3 lo qdedi slu Lit aie ques 35735 8513 da bu 
7 4 be lle Qi audi G ERRE Gi M) KR Ai Qu l Coral s 
as OÙ ob ge cols. dl du BIS QU 54 GS 25 of 
SUN 2 Of ads . Lee e dupe Las 6 Kdel  « 3,519 Cas € Quel 
4 S Go à li «ob (I suetdi I sal 22 GI di 
Boge dB. cms À cone BR OÙ (Ge e als er cl 
A5 day de dal de OS 0 à Lg A (C 2129 ole ol us 
. Le Si Lie Qi le 6. gjobfs le Ja dde he 45 el jf pair 
Loges or 5e pré da lus druigll els di du & A où « HS 5] 
ü pre Lai (6 Gus. Lt 4 dé OÙ «cb es di pus ç Su pésodes 
pla la OŸ à ame LT ele Vs. JV 51e der (3 LS 
Cl je Ÿ Ge pe Vs IS QUS 45 El qu 4e JS 51, je 
DES LA en Of plié (A 69 Al ebll Age que 309. Gad Ga Vs 
(ra82) des Vif Yi (D 2007 ee ui Le cas of CT 15 3e 583 Jsel 
La 6 le ge M Je Bye es > « 25,4 du 253 le du 
BlS, 5 spl GleŸl ou ml A G Q Cée LS lt ps Qu d 
Site ui é ai à JS AU lui à ele Jadii ds gels « à ll 
Ja à of « JU 3514 dei audi G 2 G,, Si TJ} NA 
A es dés LE dl tre ae ISA je dll d dal us EN 
\ev 


Ra dE 119 
ÿü, a JE. ta L'ON pes alle chat à] LS JA, 
gi» 81 ge qd DT 9 Lu À due jrs gui ge ed 
HA ss ç dé spi ge JE Ses Les Mu ST dés re de 
Ja QT ge gl e cdi cs put JE 2 Lis 66 2 ül 5 E 
FA CS dre est pe ns ghe bé D 3 ca Le Li 
ré Jäll Sp 8 Bi 06 5 ds oui Je a (A 5 dé Je 
Vi Je GSM cu GA 205 0 ssl à GS OÙ is à Crlat 
Jap ce Le as ge 3 oi qe BG, ol, SUG gé 3 a, 
ob Jo Le 0, 0e Lou pl nés d'elles ass 
ce JE Sy Edsps be sg bs,r ls Ju eg (D 201) Les 
Bas diesis . Lord ot pus Je Sul Doeu 
SU SE de ces po Le 5 (C2). LE EIE 
bye JE Sy 8 45 Cis 4, Lula gl je Lgons JE 54 


gldle je Oil ele G— ns sl Cotes e CSA sl A8 
Da DS use NI da LUS 5 0 di ef Gé ob. (sal 


Ep O4 of Le ds. DA 25 ei . 
ec gs die SE poele pe JE 
Lila OÙ A Le Gode get Le Laisse De D 205 Je Ülee Li Gps é 
de il tt ge gel Si Le (he dl Gt 0 he Gi le 
ps di del SG , LES Lil Cl RER CS FRrre 
La op 5 éou Lu GAL Je tudll ob Jet jé des 8 
2 ge Ge 3233 (1 1829. à ae à] ENS oùe Le à bai CV 
33 db sis dj pes 4 5 cites lat Li cut Lis Joe 
yaill ,Sedl 35 Leli , Lalla 25 y eLAVI ss «25 lès de 55, all, 


gd d'os 5e djases (Gin dt ce et plu Li és cit 
Ve 4j eu (D 2019 és à ss d El QU dits 4isi 
dl DA lee dis. Ve de dud ons gl dl el te y 
dail Gi &e ge als es pli Me JJ QES Ge Cas LU, . ae 

VA 


118 Lloret de sl 4j gta ge gi dl, 

Lol alles Le di aus ae y ae dot M Res ais 15e 
sauts CI JE Se 3e ge amd af 95 ni, . Leg &o ji 
BJ Quai 3e 2399 + ats SEA phil Sa gs + bal ps 
Ge à5 pe Les Le Lie à Comels. 8, ouai pas à lents 
pla Gels, , aus at sd 5 dis ii el 123 3 gb 4 ill 
De np au wi OÙ pol Vs a Je cl, Le dlg . 45 
a M Gels Ab ebjs Que OÙ d ges « 2e alafs be ss 
Syrs QT GMA Je C5 à € ae BLs à Gus dub ges 
Lis dj ue JS 2e of Je dei 5 ë ls ge &bs (C218) JE 3 
Dé Ses 8 Ji Se cu GA LE I Les pe Qi 8 SA Li nai as 
Loue dj sde &us ls: lue Gus 8 all es Ce Gi 435 oil ei 
dus En CI ae Cal, Le Come May. tytes Ré QU aus 25 Qi 
Ms. We L 6 clan, Vi 5 ess dy. Qté os pif Le 
Ja Les Ge lailes lis de lé ei oi Jj QE glé cuslés 
Ji OÙ fs (D 202) . poatl éliels SAN Jis5s coll ge À 
- à ouf . 46. 2 au JS, dé » 5 ANA Ed ones 
1989 Lg Le Dputgll que lily « Ji aie ae Li oja Of du 
D RA —e OA Be pe VI Le 2 pes ds: KôUe ge Lee d] 
La gl dl ok ge lle Je QC las of aile I Li à Sbét reis 
d lès au d'os - os D és du: El il À, dés ys 
das ep du got I EM GS ous QUES KA 65. né 
Qi dés épée pu lo. &e 65) sel A Quel Ÿ . 15 ,j où L 
le ls né dÙ dis à ae à dei la bi po ets © le U ue 
AS 55 dl 51 (1183) EDR ge 551 LES 30 Di ds (ru 
35 di si à CSA je DR dla 5 3 d} 31 ei OŸ . allé . eye Le 
55 er dis ee ju dl 53 Got é Res (a dsl 
ST dés à LE D &sl; OS, 6 3 à olj OK à 5 Jus. ge 
DU IQ ue be Je Q 5 @yé Ji rs Goo ya. 5j Le 
14 
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myio ur piisows d>igrs. Lu 5j y dl 
pu ONU ao 5 IS 2 que mie = Ua 
JA ei GŸ plu Da se le 5e OÙ ga di Jai Qu. 42e 
PT ass. CRE RP (C213) pole sp Lio 
ul Side pe be c «5 5 06 de PAU 1h55 © de DS Ni 
Pule ares À 3 - Pass & sai 8915 As Era Gal 
55 ge 51) 15 Li ESS DR Lie 55 di 51 dé Hs Qi 
soi hs Be 3 Diasljs. le Cidjis 25 6 de LV O1 ju 
DÉVETÉEUNATS Er EËs «dde à Lsl5  35pd plus 
ë critoibdehues Ships. Lure pos ds 
gel Ge di las, Lie 5 dé 3 5 | ns: ei pie DS 
Ge De 8j Le Di Le 0, NT EI aps. er Caerdu pot 6Ù 
oi pbs af Nes je ji SU LU U 55 Le Ds Lu 
plat Eu le 6 5 51 323 ll LAURE CSC &slÿ des à Les Dal p 
je À si D LU 30 de, à jui Que Dis 5,9 of es 
LI dé Las : S Li5 Gps à Be Ugly Qi ds pu dé A Ni o a 
(D 2039 ge gl sl gelé jh ais à Reglell Eu 6551 Le 48 9 cpl 
(11337 + credo à ati, AL CE. Glelé 0 (Je Li AB € Cnérsl 
EN ge QE es. gta gd gi SS ge a ee gi or 
Se EN todo ga JS Ji à DS ill Laet & QUE ce Ur Jet 
ss SG 0 Gi AN à plis 5, cl 53 à D 
Sipes à Lai Q] Ji Lui 3 OÙ Ji unes JE 1 jy 
US . Lei ëole Jia gala ailes Lede di Guns ae js MOT E 
&oall GI LI gui of 3 2 U Lgdoesl (Ji tudlt dis af 45 LS a 
L 5j Ps € \Raeb ui OÙ ge cgls à Zeglue au le 
BIN Q N 25 0] guad Us. desle à due Las à EG d} 
ges OS Es « dll ,\ (C214) sols 151 sl | swtdl LUS 
Sp LB. Guess À con LS OÙ Gel à ds Lee js oil 
LE 


u6 Les 35 de al dl gl 5e) gi db, 

amy Gel Ces dde Cry OB Gags Lgs Lai plu codé dues 
Oh pl dl es gl JRAN 25] Cam à and a God Ge er 
3 ou 0j 5 CE Les. ape ee de El pl 95 45 GR ds a 
Es qi das du lle 5H Qu Vs à egbe dei Gus Ge Ni Gus 8 all 
client ace [le OST 45 QT qu à 45 295 qe ce ls. dj be Go 
à] (D 203) cel; 4 Lyle 46 OÙ Ge 1j pole à Li jt Joë LŸ 
UE gas à Lignes Je ce ut dé OÙ jui ES 5] &eglee SN JJ Loue ai 
Lu 5j « PA gb jf jaof f Mioi Lasel 0Ù Qui LS dj4 à Cds jf 
gr lande jui LS agi Gb Ve #6 AS pylall ge ami li A 
Dyenills Gti, sudl g ALU, Et bee eat &t à y LT à NI 
ls 8 og Due je (AN Be . EN ge niet 2S dis ESS d 
Op je er Ve LE RÉ des pol Guy Lg jf das Eu W 
Lex dis ge qe LA LES 2 Vs alle el Gus 5 cu e&Y af 
ce dns 69 qi de SAS 1 25 Lg D, 0 54e V0 6 US (js 
an 4 lagés A RS ll gli dus dE cle dos dise 
ie N ,51 gobi sie ou Es « Gi, 8 SOS GS Eli tes À 
Le qe US dj. 8j NL gs Lab cl cntell Ge &U 5e 
Qi ei oia ge del, D RN OÙ Cols Sep 5 A Ge je pi A ve 
Lee Loge (1184) Vis pus. Bed Lee 6 Vs e Ni Ge ge Ui,SS 
GA ou 5 ou 0,8 OÙ je N pi ee As jeu 265 à &libues 
Lui dal db Gé is à pRas dels Ge ce LS Lei qu os Je 
Eds Qu ge Le LEŸ 5 Leg d di de tds os 6. ll 
url des Goku je LOS ge lue 4 KE ous cie js 
ge se des (G214 Don cul do 0, 4 JS où 4 où À 
Es 1 8 dj Qi & pie dan tel alé . Ole di çà 
Lans ça de Ji de 5 ge 25 Us LG LS 5 LUN à SI ai Ze glas 
OS fs £ pole Lagu dls JS gl Gus 8 Ce Leolt CU CS Gé 
oil gays LS à Lie ee NI Qj Ladt &ui dj blu of jus 
LL 


dx de ns 
dE où jës uyes Cu) Cas. Sell GES se JS JS S 5 de 
eh di 5 SA 25 0,6 Elu Hs Ga Labs le yes 3 A 3 gl 3 1 
db ag Ge JS. sles qi gi J) Ut, QI 33 Es 
af et ut 55 LS à de 0,6 NI Jj Ladol ui Les de 
lily lee (gel à Sols is is ai ES ae 3 Ga on polell Ge a jf lis y 
Edge plat Ge GUN a ge de pole 5 HA De us EUR a 
EE eee ue M Eu JS odé 4Ÿ 
Lglne de Lots LE Vies 15. hi de ZT pale Don AY à cpemills 
A HAE 48 + Aa Lane zés + 3 de ps Le 
us 4 + pds Le OS D af ls je Gufs à Leglall Eli ASS à Cyges 
à Vis dy NI M] uedl 5 ln JS 5 à Cap Ces Le Au de 
ei A ef ja Ja I Ge Laauot of 56 4 dj. pue Lu dos JE 0Ÿ 
ds 6e 2 pla Ds REV à pyles pause lis Je Ds. bus ji 
5 MS I 0 BG. UE LS Ni ge Laiot 29 suit (D 204) 
6 là Bye au Ai BU Q) 34 GI ii à] 5 4 ai 
Ke Qi JA Es CE SLA OS dsl & di 8 
pe du Je Los dE à Dlges 4 ed pli 2e Dm 
de pè qi di dues dj be ÿ RL dŸ 5 Elu Us. la 
dE ls. pli gl 8,5 ps « it Eu Las dise af 
AP ANEUES JE ets es get Jan o eus 1 
Lol OR OÙ 556N (C2157) 8 ges OÙ Guns 35 ou Cani ÿI 
urds € ge 5 Hal (11347) Le OÙ DJ5s € à Leu Vy pi pl 
Le DŸ Lu JM sf su ne abs à A Le ie on 
FA Le al ef GUY ae 5 ia de nu ae Les 5e auf GR gs 
g BL; JU Lis, . els je et SU ad dé us + dx de lpân 
o,6N of JS . de 5 Hi Le ou QE Li qu GEU phil bé Aube 
Lbs Lux La ges 6 cube OUR 6 ae he ou + Qi ds 
ES US je d'oeil 55 ge Yi x eux EA bte BR 

dt 


14 Lee 2 de sf 4] La 5e) gl ts 


de de pal al dla ss 850 CAÙ dla je O5 dus à etes DS db äl ill, 
dal Al de paslel ce A à ll glmol ge pe és Je cr due Qi de ns 
dy Lucdl DRM spi 05e cl poil ou Via ji NÉ ds. Saab 
ce Ut Da ge Us. Souci ŸI 34 Ge ce cms (D 2057) 245 
de Ja L'ONE AI Je Se ce gr Ne + me ue 6 
JR, ques À JS de opte ss pee fs GÙ à (otidl dla Al 
Gi 25 0] d5 Us. JS ds pe Bye ai Lage ge es ui 
à lpu Lgeli) DIS 13] sueul Jj saeldl Bus (a du Al Sel Q] 4 sul 
oups. pr di que üf ge Al que D lis OÙ p 2 5% la 5 Lis 
Dé = 04 pt Von Gide ge ue JR Loi U of eu 
ES 8pge gl à digne dll DAS OS J Lg 5 Well G leael 
ds Lt Ule Le opel Ge as de db NI dj Lou ui 5 4 os 
Lis del ce 13 Jef We rte LU )| Lane Le 
ea LU O5 G NI JR Se | sl gaÎl css) gi « LA a G 
gh Lpuets Gel 56 A Qi Ra di Res à as Ge ei 
PSN Gile vob Gut GLS Guy ER où a UE JR 
et pl GS curl fi US Ddigel à Lys de lie Ligeli il GS 1] 
Ces US OÙ de NB je dal (C 215) DE 3 ghu Is pol Lasoi el 
SA EM dt Ge  elay LS « pile. Que el US LS 
à ge lie À 4 48 Las Eu de CIE pe db cell cl ce 
or or pl dental Qu 422 RE ele N of (es 

ee 2SÙ Cuy Les Gil Je DŸ € mous db Wu Vs 5,2 Lau 
BIS A à os ÿ led Lin EE Os . Lg À dygs 0, 
dsl 25 of qe pl gel la gs cl OS Qj gens 3Â à 2 la 
Gé Li ES, . sxclil QJ sai &uS à6 V1 ] Laits ox salt 
GP y 83988 Lane) CAS VI oilde Ni Je pi dl Ai ES Ja cl 
oŸ ei LS Li ae db, el G al (11359 5 ds: Vel âne 
ge Si gybdil ls JS Slips 5 G ontdil de y 
ww 


laut ou Li DS 


ds À + u3 


is où de Sul, poÿt ai pi G 4 22. alle JU 
d! Jyû Qi OÙ Gui de Lée I éd tel Lau U igén 
EN Re ges Sell QU saeldl 2 one ape ae QU) Gi 25 
a La 15h JA 2 EM d} gui &i is bg. Us el 
«ES JR çb suela J{ sueldl 42 Gil Ÿ Qi GS 25 cou ai 
+ JRN ge 5 jé jf due sels 3 lo Lala] jf Gus 3 5 lo 
ge il SA 4,5 LS OS a es LS Si dj get JU ob 
. di de Je Li of be tes eds 5 ait Ja À 155 « Less al 
tobaie Jus dliuV Me Je ré cube Les lil dj Ai oise di 
de à san oi 5 Al BU 4 JM JUS de A Ni ple ds 
QUI gs dei qe ST QUI es di ge ST os oladll ehel Ge he 1 
JAI ge Je ae JL ere a Wis O3 us (D 2067 dei o—e 25Ÿ 
gs dei A glel ge Je 3 di G ps en dla di es. el 
She do. pod Jadi — f juë dj Leu af ts ais, de Gui 
Sly af lis gs ON de JG 08. EN lu Elle 6 odete jee di as 
sal &us à ll VI Jj (G 2169 8al GUN à of je le di 
do SV 225 LL 0j if 65 je dla Ai. lbs Lee J5Ù auctdl 
a égls ab Qi 85sal GLS dj © Le Lelôlis er keë Gi 
dl 2 ll 51 VI Spb JT gris sn © Le ll ls 
of et à ges Sr e PT gl VIT ge Eu 5 dll 1 
Lg. oi GR 0 « LE ge aol VA Rs 6 € 6 lo ou 
+ gel ga LS 5 ge het Lt ei JS 
Deja JS di ai e phel5 gle d) aux tie Shoes JS 
Boss JS di 1 ge tir. p 6e del JRA ce ef 3 ge oÿ 
Let Qi SSI Jj © de Were À qu art Gi Bed aus (a 
OL Vs LL (D 206%) ad Last DŸ © Let Yelr)ls LE 3e JE 
SUN us a Ge 5 gl di Tu 25. el ges oil OŸ a 
eo les 691 at QU SUN JS Lelëys À ge Kat (A 

LE 


1 Lors 25 de of 9! tel ge gl tes 


SN QD Le Wells | ge pat Qi Gi Li cs 
JE Lauë Ji SG, S lels)is 3 G il JR ae GS 
if Kueb (Ji Gil a di © Le Wells 8 1 el G di 
DS ds . 2j ge pot DR Ÿ JS 0Ÿ SKY die ins. © elirsls 
el 5j ge (1135 PS AS JON pèé p 5,10 ce il 5 de 
ab Qi ai of pal Lies. get À on 4 LS à 5 ges ou 
SpA de ill JR Que QU GI e phiet © Les Wells à 625 
Bb. JO ge pl DR ei 5Ÿ « La SV le las: © Wells 
cu dl let us Cu 5,4 Si dj Ni Gi 25 Ci 
Ji gt es Gé us A Gi suë La GI 5 ce jet pe 
Les gl Que6 Qi SE dj us Lut QN GleNi 35 , 3 al 
des (02167 . cg OÙ BsfL als. Le Léelë y ot 1j 3 dj gl 
dé 24 of G JV 51, dell audi LS af gli ie 95 ei 
auf, LE U] &te louxs 4is + AG je sell Ji au &es Jet dl 
- ii L'ANI pe les aile Chat | LeŸ JS pol cu 
(D 2079) «6 pds . eo 4 es ae C5 EN ç5 5e Ode ob Je des 
CS JAN da CS sUSU de al dj dal LUS Ja Qi Jai Li à] 
JG 51, le G ds Es ol des paie sl paul Ge a 
85 à C6 I 5 > ll cimel Las cuil ass 
Bord paie OI Due CS Je oi Es à LS lu ds. is El dis 
à dep lee OS jf 6 GNU Jeu ce Mall due jf Gb LS € di ge ses 
de Qi all . da T e5 ob LS « du ji JL Cu» 50 En 
bauë of 34e Cas dla Ji DS lle el 36 € pause 35 ode (les ca gi Lin 
pit g5dt org secte pi Gel gl que 5 UN à 8 pm 
sect ge JE 35 of audi oda je Les 15] à] 3 . aus 1 à oubli 
ae DE Je Lee J9 à DAS à DD ge JE dl CRU 
291% dl gr Si à Ml gb Lily Cë 4 combi get Le Us 
«8% ge dl gladl os 491 4 Ts 1 ge a gl gaaudl OÙ es 55 
ie 


bn dE Ii 


ads SM Lie gi 0,8 où audi as qd Gi ii Je 4 pès 
GS J à] (1186) Sos. Don arte de 0,6 cell un) dj 
GS And, Li di pté CAS, sb dl CAS Ai Gil à al 
de pes ha Al A Je 65 Je J 4Ÿ (D 207) « HS Li A 
gi dÙ 4 ps qill HU Gi, audi eûd Ge & dl Al Gi 
rl JE 5. 2 de ds. gra D es ST ile I DU ea c 
uS gl poli ases à dus af GUN God es gold 
LS LS, ji. M Ce RAT LE Te 
51 be qu | la(C217) Le puy de. Gil | EE US 51 dj ai des 
Do) gui lt RS 51 qe Da gs dei GS 2e À I dus us 
ie Le OR p 5 pet ge Di po LE Lil 5 ds dj 
Den ps Bi D, lbs 134 Lu À Bus Ba ide M pos 
S pelle pue hs db: usless Les Qu Ge jf di Des GS 51 ele dl 
ani de OÙ de VI és pes 5 yes JE 3e Ms pus. ST 
ma > 5 de BU p5s 08 bi] di ob CE 4; . PSI gts 
Bug e dll ete ST oo &e ge ill gli 0Ÿ - 
ae Lei, de its le Lb Jef eus se culs. cui of Bo fu else . Ti 
eaudl Ge one Of is Gi € GÔU Lijlse ls 393 « ee GA 
Le DK 8 pre OÙ le. 5ji 04 À Ge ces à Jo us of Les 
of ce ASS ee dj SU pôse OÙ la G 4 ge Vs (D 208) + GE 
DS 1j. Gh Dys Luëdl aülse 0,6 234 dl 0 Gas. pri DR 
JU 514 QG sud les (Ji à audi els of Le 1 es LŸI 
DÉS UE pô eh lul ce JE OÙ pos us aus LS di pté ou 
3 ele elli JU 3544 cé ul Qui 225 pu Se JAN da 
ordi Aile LUN se élicul we: Loge dls JS UE Sas loge set 
(186%) as el Les , le Cia ps DEN 51e ee 5 46 CNE All ge dre 
LS ei soul abus CS LE dis à y DS 0 à deb add où of di] 
La y BY 6 6 € W abe Kfa y OS dj, . lai « pli lis  0)kus US 

nr 


110 Lys 259 de af uj Lai sel gi als 


es eds né AO 2336 e Sudl Wen Ces € Lee 
SU gl ge Jbt EU pe nl OÙ RUES à all JRESI de 
ou delsi LobE act OÙ Qi OÙ af me Gisé Due Ci 
ami an Lei. Qui du; js ee Lise D odcell HET sn coéledi 
dde GS 4 gi 6 Lui JG G Chan s All Alex ne Cp dde 
de dun 03 cit ed LAS cyl poil Vs Get (C 2177) Gabus 
Lui CS Los LS Jai Q} JAN &ui is . A5 OS gl lu Ci 
Lui CAS 0j, « We di de Ai G Ds Bus ie de cel pa Vs Li 
Vas 159. Bale LS de ji lle 5 4 af (D 2087) Jet oc US OÙ 
dE js. JM > ÿ cles, Oludl je ge Cr lle dla di 
AT gs dVsopsl  aes ge de Zu Lale ui OS LS 
or qi be, al DR cas à EŸ Saut Li LS 5 Le. 
. Will ge def 35e Vs Lol 5e lis ds à Zeus zut I Lis à 38 of 
Al ce gs US à Su 0 Le, Li Lidl, Lie OS 556 ass 
als « ei 08 Gas e Lie We oje ue le dus Les . Lu dj 
Ga A Laye idee aude Jens US EURE sl de € pô als à de 
gti Gb ;5 85 Dose lée Gets Les ui lg pile OÙ Bite 
CS . dynills ddl Des St MI ES Gel ll DS € Zu Lie Sols 
ble GG AS GS à sl ue ei Lis (Je Lie 325 LE Gé Jai 
re od e V. Léu pu Les Qu ST ui, AY Gus, al call 
OU a all 65 Ladlls 51 jf djs . de due ducs Lee 5 No e 5 at 
ESS QG out LÉ. eus Le due Lg 6 95 4 dy LS « Lu 
: A Lis 3 all, 8 Qi RS JE Se 2e LA] ex el is GS d 
gié Lu oadll cs ji Li 6 ets asie < ete RE je ol Bd of, 
Day ps € Liuol abs Los À Ss . ati qe Gb LS LaLs dj 
of ogoè pet sy Vi. spedl eu 5 LL pe Qi JS cad 
| QRe af y ae GE dl Ste gd de c;1 (D 209) sl al 
O5 pus date LS RUB pl 8,5 à Cab ds € A pen LT 
\w 


ds d + 109 


Al SES dégrade, . sal eçil 25 Lei ex Qi JIKESI 
EU JE JS de (1187) ill JA Le a datée LU Je alt 0] 
er allé 4 O5 Ji, . Walt, ST Er à de du 
Ye JS 5 Le) ed JE 5 Y SLAdL (C 2189 dev y Ÿ 
# db es Lee Las (Ji Sul, ol NS ES : Re Gb LS 
bibl ssl GR A CU ALU Bull 53 as fs Lo ge ti , 
Bu le d den de LS Lugle ins (a Vs Usliel Vs We 
of ee dif Bué de QG 0,6 of LI audl hié ais LS  13j 
ge dit (Ji EMI JR JWS 551,4 Li, . &ile di as « Lie G 
lésis Ve Le Clers Bd ES je come LS Je Ci K] Ci gl 
+ li 5 Eli OS 0] 4] que Us à Jes je à «sou Jui di d 
La 2 JB 51, of M « gris lez US Lalitrs ad pi ais 
lys e Que Ole je af] DS QE LS A US je lé ss Vues Las ges des 
Ca Of Uuge outa dla MS Se 33m de à 3 Al Ca 393 € lu 
A ll es Lee de A al ef de Li GE Se pis Ja 
os Q} ah els ge \f Ru 5 de pi de A age ir 6. Ÿ pt 
Ca és Data Ji ons of cali Je Gi QI of MS (D 209%) « all 
dl di su 09. jebll Us JS ge le ée 08 où ge dif 
ode GG Djme J) ENS Luis à ju 6 45 ja s où N] Lu) Gill ox dj dde 
Jef de By LS ei des de CG Os 5 451 535 J Laloots dal 
LS fi pie Le j mu Le Des Jedi | ja au of je œudi 
Gr be té Ces LE U Gus Qu 2 da Of LÂ . Ulle sue if ue 
gel AÎLs cils ii 5 SNS ai LV ous JR2 Last ç out 
dsl Jj Ji tu 0] LA lis. (ous day (je RS le Lai ous coll 
Le CES Cul (ia Ole Lle oue Jj su jf dt U] te Le ue 
dla al esè > B6x (2 cites LS J] 2e LUS Lui ads Of LA, qe 
émis jf oi le ji (al Vs Qt als cod lis me ge (til 
(C218) 315 je de ji 3% Os . cu phes au d es Les La au of 

VA 


108 Les gs de of dj gta sel gl abs 


Ds 09, Cr, ll el oi je ds y DS Las DR mi 
ass à gb pi Sade ds Ai pi qi dt A Ge role all 
PI JE ge AN es gril poil aie 1 45 08 OÙ Bo 
sb dj de du pis dugyde ete qrèns + çotdl dla ji Dos (tal 
A à 2e ge 5 ge (D 210) 5 66 4 6ï de je 2% 4Ÿ zu 
pa ons 6] LS Lg « sms é gore à OS aë GG (1187) sci 
à di Q) Jedi toi sp dj ill 0, Cu af 4j} alé JS Les a LES 
Gi Gus os WE Qi JS 551 Je de je cu Le dés 
JEAŸ Sat gi . la Bus G le Al Lé Le Lili, We 
Ci à] We dj sui ls ts of CS Gi des . LA) ei 
Qasi dés. une à aptes dé QU des LS Lots à 4e J] se &us 
ë BUS pet dy 5 eg . qe f eo p3f Le ous € CE EG 
DR OÙ JV à ds Col DS Qt À ous bol je def de Vs 


Caills fu DS Le pie Gi LAN Gel cu CAE 0Ÿ els 


cd ge ls ous gere dus bee de D LS « NI 
La dj œÿ gl As Li, . ets af Les «oil lys a sf 
CL Je x pale à see d pù ot loges à Li 0, se Li yes Cds 
où de do Vs ee ot do GI OL Eli . 43 LE 15] Lu pe &e 
lil des, aiës nl Jaè el pe € crie OÙ 63 Nate 
eds en gle d 65 6 4] Gil als dx + GH estèls 
ii le OS . ae ll ail 323 4ë ds CES € aaë él 4 
25 (D 210 4 Lux dal ge c Gb lis get) LAI Jj La 
dos dl US Je 4 El vds web dj ose af (bd à dé 
dal y als Gi Qe 0Ÿ € à 4j 15 ge of pull 0, dif di 
& NI G Y à EN Qi Via ge oder AV ou ect du )Ÿ Vs. ot 
gér g le 53 bts Va es G Vs bel G Vs Glmîts 
el, 8,8 DES je 4 GR ll (C 219 bu SAS à 4 on 
es OÙ AS 5 JR GES Jheul Vs. 4 tell Lu 95 pu 
\ia 


CARE 107 


Br ions, à de O8 Li Gal jou db jets 
BA qe us pl Gens 2 59e à Et Ÿ GAL aUSI A4 
brs sels ailes Li, Gi, 5, cos «5 SU chis 8 Gus 
Porte ie 0,6 0 j,eV af Ue CLdI LA Vi 
GA 59 Gt dj MN Se a Gen à ae 69 à La gs Le 
orale OÙ Jedi Gil Jai A LU Le Je boy « REC 
SE Mes LR Ua Ge Go ns 6 Ds ai ju 5 3 d] pu 
ul he ge ge ou LS QU fins aff pu ua 
gl lis Es Je 6 La Gpuilis DAS ne GI he 5 ja us 
(138) JS li D à à el ge Nas à Lbmot 5e aol, dj 
et ge Do 45 eù (OUI pue Ge GU qi be cle FA 
EU di Le dl EM of (D 211) 215 Je à of er & 
AMI US, LOT Les TRS DSi die os Doi 
EN que ge JS. O5 de lias à GA & DS ll, ei ne A 
le dj Ga : Rs Le gui is & Joël te 
art l GE ds BU 3 5H as ce ds 5. © 8, < HE ei 
Ent de Es rS so QG of LÉ 8 oil « on à, elab cab, 
eLi g dls of 546 Lau SEMI per Giles. Ai des Gt 
se AU M] 0,6 il oi cu A Vs ea NL 5 oui 5Ÿ 
BV «RU M 06 V qi Ge ca € L5 22 0, OÙ au pale Vs 
JEU Qui ae ja cf, dla pus. AS e El co Hi 038 of 
be D DR ns € Ji go el qe qi 6 LG LS à CU né 
us Va à CLS « Gui lé GG 389 6 abet fs Coût dy à De à galiŸ 
sou Me te le OÙ pe Ji eat ls (G 2199: 4] Dyse 393 à 
on A Ge el ot Qi Li es QG GE MS. cet À Cu 
BA dé be le of ef des fs. af pue pas à et ST 
dS les (D 211) . OI pus SU pleël ls #5 af es à ll ln 
of ga & of ge 6. QUI GG 5 Dés Lie je À SL 

LA 


106 Lelsrs 938 due sl 9] gli gel gi als 


Lebés 4 GO OR fl but ge of Ga f cet À cs 
a gi pale JU 551 JET à jus days Lui dj pr Li 
pole does à opes d] pèse gtll qul css Qi el Lis. Lu 
plis 5, We oës ce pé À and; an à otuli à 
SAS VS 35 à Le pod x Guess QUI GG 2, Ss ap malle Cumul, 
a CS D Li, , St AS 5 fl 5e ddl, Cäël L Cas Gi 
CB LOS GA Us CS GS À 15]s . Je sgû « 8,53 Lei all; 260 
Mag dés ss Qi To és El CS CES ddl, 
dus. À Ci dis La ais dl 4 À Ci 5 ail 
Jo dot 6 Ge 6503 LS ia, 51 er d] jus leulc Îles né 
Dole ali ls LS SL, Le de bas. JL Le di L, Le ges 
pds és 90p as 5 ds. 59e 05 RAT ASE) € 3a1 dsl) 
dés Gel qe li Je ps as Le Jeis. DES Le de fps 
doubs du lis PL Le QJ LJ Le us 53 Le dj 35 Les ui 
D'AIDE us és. pD ls dj LE Le Lis po de 
Qi 44 25e (D212) sa Us és € pas sl) sl Le DS 
OS os de eë Gas ile Ga Lol és D 9 5 de 0 
da qi or Grp de à 15 bg se les LE Lila 55 Le pés 
of GE lus CES pôle O5 Je La ds. 5 LE ile Gus Le 
Ji» ds 311(02209 le Se Lai nés. Lo poli pr iY 
Ale Si 4556 Le 50, Le és. Poe ucse Lil 
Leds des jo be JO, de 25 0 dl. dés M ass « De 4j 
Le Ge de és gr ges de Vie re Le jé U 5 des. DE d} 
ses LE bye gs Le 0 Gr e Lai pu LE use Es hés po dl 
a de RS pod os de &i ele Ge Le dj Eu Le à of 
65 de au be dj lets a Da dl xs de dise 5x] 
nu ds. des d) Eu de Dis Ga be Le Lu ç Giga 
ec dla de 5 6 Ba LE EG Les (D2129 ES LÉ ju 
LA 


Sn de 105 
soge gie sas de peis JE bdjes bis 
LS a lei dass sq be Ge GE ES de per di 
Sos bé se LL A] D be Sa djas Le Li, Da dj ss Le 
Li USER e LL e LS, fie D Le Ji EJ dé us GE dé 
el se & &si5 OÙ Lt, FOIE Les GE UE Le 
Ale sas Sn, es de A'ôSe Li Blu 56 Valis 
BU JS Lili Riu 525 du ce LU 65 d4lÿ « Juo CTE] 
des ens 50 Le JG ds du. olcless OUI, « PUS di 
SJ IE Le Les 5 be JE dé 5 0, 5 € © 0 de dj 
dé gas go) 9 d Je de &us 275 Le Us de 25, 
Jibs ess Le Se de 25 Daft si AL Lo LS « obltn 
dE bees La de MAS Le à Ci lei (5 50 dé dj 
St ds dj y Le &us 33 (C220 Le Ua Le dise JE Le 
Su dd) GE Le aus 55 dé JE Le 25 0,6 Lt sl,LALS 
so ets 5 Al 9e 5 OÙ D Le (Si(D 213) 55 LA Lure Le, 
EDG qe CON Laf,. D be EL bete, Le] 
ei (11399 € 530 sig EL S if Gyle AU 505 dl js 
. be LÉŸ SE al; ele QU DEL 44) ae 75 à; gi 
upon Ui GUI RU Le aa si SE af dsl 55 js 
SU ES Joe de Les 055 be JU] 50 de 45. dl po 
Elai lb, Eu Le dj GE Le Les 053 Le 30 des &i 0, La 
> de bis GE de I EE Le is 55 Le] 50 Le Ro 
di uso ds 2 0,6 ls «or dé Jj EU de Res 305 Le Q] 
Du di og Lei SG ES Bb, DE de Jj ED des RS 05 des 
Er aus 55 de US ds 2. LE Le dj fo de Lu 
Es dis 5 de dl 033 des ai 0,S La all, DE Le Ji 
dise be qus 55; Le dj; Le SK LS ls. 37 ds dl 
Last L3 Le 5e Le Res D be 5 be Li, pi Le 

\YY 


104 Llers 239 de sf Ji guet sel ai als 


Ms bis: LS LUI DE Le Les O5 Le JM ja Le Li 
“Ole Sue 35e lie OÙ (D2139 © 5 Le | Ty de Les » 5 de 
BG De y Lens D; de J 55 des 203 0,66 Las slt 
Willis, uiTE JET RS 50 ds JD; de ui 0,6 Lbai 
Ub af ,31 &9l5s 8 ul 6 soi de 5% 4 15 ns (1139) . o 
D y des dei OÙ de Li all 25 api des DS (5 
oi de dis LOGS I 54 Les JJ Da das Lis (a Lslll 50 Le dj 
OS FL Ds de LUS LM oja Le js 6 deglee 5 D A] Ba Les 2 
Lis pu D D à ie GUI(C221) 39 dj pal QUI 52 de &ui 
hdi bass fils d;losdisds;lus 
gs Le pl le 6Ÿ pe L5 55e os. Lu # Xe gli 35 Ù 
35 QU ce dote JS 6 pole af Eu 45 T5 dés. pue 5 355 de à 
Die gi. Le 35 (GE ce 12, JS + le 5 ds pole 35 
53 70 de RO fans, . cui Of Us jf Le as à plus 8 HA el 
So UT, OR E, Le Jj poli Ds ds Luis CSS D] 2 sl 
L5 Le (D2U9 gr fs. Le DR api € Lai di pole DK 
3 ag le ÉVeuG LE, 325 0 GT; Le D St ue 
Les KVeble ET Gap Mar SE; be oé is, all 
spauas béscplma DU Es le Li 55 Le U] E3 dt 
35 ds 0 Laisse , dés isle D Aus die à dd. pole La ds 
+ ds Ù Ba Le ets à pole 8 SA UN 73 dé pan à ad pole 
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Abü Sahl saw mathematics as a demonstrative science whose results, 
when correctly derived from necessary premises, were immutable and, when 
they concerned statics, entire]y consistent with experience. Nature herself 
shows the deepest mathematical regularity, and we ought to expect this to 
manifest itself in beautiful mathematical, even numerical, patterus. Despite 
this, a deductive proof is still the final arbiter, for failing this we have no more 
certainty thon the physicists. 


Finally, the correspondence reveals Abü Sahl to be a mathematician 
g considerable creative powers and technical expertise. Especially 
ce for his creativity is found in his two theorems on centers 
of gravity of cireular sectors and ares, which, in our opinion, raak with the 
barycentric discoveries of Archimedes in beauty and insight, and (as his chart 
reveals) he evidently rediscovered many of Archimedes" results on the centers 
of gravity of plane and solid figures. Finally, we have seen ju his solution of 
the problem of the circle eut by an angle both his nice inaight in redueing the 
general case to the classical form of a verging problem and his technical ex- 
pertise in carrying out à geometrical argument of considerable complexity. 


Like other great civilisations before and after it the Islamic civilisation 
may point with pride to its great men in the exact sciences, men such as 1bn 
al-Haytham, al-Birüai and Omar Khayyäm but, if we wonder how a ci 
zation produces thinkers of such stature at least part of the answer must be + 
that it has already produced some of the stature of Abü Sakl al-Kübï. 
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Finally, since both T'E : WE and WZ : TE are known, al-Kühï concludes 
WZ : WE is known. Since the right triangle EWZ is known io form (ma‘lüm 
al-sürat) the angle EZW is known, allowing us to construet the triangle that 
solves the problem. 

Fourth Analysis: This may be stated as 
WZ : ZB — WZ:ZB : ZB? is known. 


but, by similar (right) triangles, WZZB — EZ-ZD, and by Euclid III, 36 
ZB? — GZ:ZA, so EZ-ZD : GZ-ZA is known. Then by Apollonios Determinate 
Ratio the point Z is known. (Since the determination of Z from a knowledge 
of the ratio EZ-ZD : GZ-ZA is — see our note on 129:14 — the topic of the 
work of Apollonios we know by the title The Determinate Section, Abü Sabl's 
fortunate citation of the Determinate Ratio here allows us to identify these 
two works as the same.) 

Ali of this bears the stamp of good mathematics, The problem is easily 
stated and appeals to the imagination, In its generality the solution is not 
easy, yet certain special cases are simple enough to give to a relative novice. 
Finally, the solution to the general case turns on the nice idea of a scale model 
effected by a verging construction. The capacity 10 delight in the sheer intellec- 
tual pleasure of finding elegant solutions to difficult problems forms a common 
bond between mathematicians of all times and cultures. 


IX. Principal Conclusions of This Stody: 

Our focus in this work has been on Abü Sal al-Kühï for, from the point of 
view of the history of mathematics, he is by far the more interesting ofthe two 
correspondents, and the portrait that emerges from this study adds to our 
knowledge of the education of an important scientist of the fourth Hijra 
century, Abû Sakl is thoroughly familiar with both the Elements and the Data 
of Euclid, the Measurement of the Circle (in an amputated version), Sphere 
and Cylinder, and the Lemmas of Archimedes, Apellonios" Determinate Section, 
Ptolemy's Almagest as well as certain writings of Galen and Aristotle. He has, 
in addition, read (at present unidentifiable) works of Archimedes and Euclid 
on centers of gravity. Of the writers nearer to his own time he has read men- 
surational works of Ibrähim b. Sinän, Abü Sa°d al-SAlà’ b. Sahl and Thäbit b. 
Qurra, as well as writings of the latter two on centers of gravity. 

The very fact that this is scientific correspondence reinforces the point 
made by A. Anbouba (3, 147 (noté)] about the importance of correspondence 
in the development of mathematies in the 4th Hijra century. In addition to 
Abü Sabl's activities as a correspondent, and there are eight other works of 
his called “letters” (risa’il) cited by Sezgin, previous researches have revealed 
that at various times in his life he was in personal contact with Abû Hämid 
al-Saghâäni, Abü l-wafa’ al-Buzjani. and “Abd al-Rahman al-Süfi, and, just 
possibly, Ibn al-Haytham. 
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First analysis: Draw BT1 GA. Then ET:TZ — WB:BZ is known. Choose K on 
TZ so that ET : TZ = DT : TK. Thus ED : KZ = (ET — DT) : (TZ — TK) 
later ratio is equal to ET: TZ. (This is true because if a > b 


V2 & This may 


is known, since 
and c > d ave four line segments and À — + then © 


be eusily proved from X. 12 of The Elements.) Since ED is known 50 is 
KZ. Also 


DK : DT = (ZD-DK) : (ZD-DT) 


s0 the latter is known since DK: DT= (DT: (DT + TK) )-! and this is known 
from DT: TK: but, ZD-DT — DB, a known, and so ZD-DK is known. Since 
KZ is known as well it follows each of ZD, DK is known, (To see this let 
KZ = a and DK = X. Then x (x+a) is known so, by Euclid VI. 29, x and 
hence x + a may be determined.) Since D is known Z is therefore known, 
and the tangent from Z may be drawn, solving the problem. 


Second Analysis: 1€ T°W || BD then T°W is known since BD : T'W — BZ: WZ. 
Thus (T'WŸ and, s0. T'E-T'Z, are known: but, (T'E:T°Z) : (T'E-T'D) = T'Z: 
TD = ZW : WB is known, so T'ETD is known. Since ED is known we 
conclude, exactly as in the Bret analysis, that both T'E and T'D are known. 
Since E is known, T' is, and W is now determined since T'W is known in 
magnitude and the cirele about T' with radius T'W will intersect EW in W. 
The tangent to the circle from W solves the problem. 


Third Analysis: Let the extensions of the radius BD and WE meet at T’. 
Since ED : DB — T'E : BZ and both of ED, DB are known the latter ratio 
ie known. Also BZ : ZW is known and so, compounding, T'E : ZW. and 
thus T'EZ : ZW, is known; but, ZW? : ZW-WB — ZW : WBis known as 
well and thus, by compounding, T°E? : ZW-WB is known. However, by the 
similarity of triangles ZWE and T'WB , ZW-WB — T'W-WE and so T'E; 
T'W-WE is known. 


Now al-Kübi concludes T'E : WE is known. Although he gives no reason 
n we may see its truth as follows. Let T'E = ce, EW = b 
so that a — b+-c and the known ratio (TE) : T'W.WE = : 
b+c)-b = 1 :(b/o + 1)°/e. Thus (°/e + 1)Ÿ/, is known and 
since both the product and the difference, 1 — (*{. + 1) —°/,is known Abû 
Sahl would have scen immediately that b/c is known; but, this is just the 
inverse of the desired ratio c/b and so this latter is known. Like many mathe- 
matical tricks the above justification is casy once seen, but the complete ab- 
sence of explanation in the text, where even very elementary transformations 
of ratios are signalled by key words, suggests that the transformation involved 
was something anyone competent in mathematics at al-Kübi's time would 
have been expected to see. 
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intersect NJ at J. By the properties of parallels FT — LM, but, by The 
Conics IL, 8, LM—CO. Also JT—MO so FJ—FT— JT — CO — MO—CM—I. 
The construction is complete since FJ is the desired segment. 


Though we do not claim that the analysis we have given is the only possible 
one it does have the twin merits of comp: ility with the mathematics of the 
time and of accounting for the main feature of AbG Sabl's solution, the verging 
construction. Thus we believe that whatever the details may have been our 
version captures at least the main lines of the original analysis. 


It seems to us significant, also, that once again the name of Ibn al-Haytham 
appears. We have already conjectured that Abü Sahl was writing the corres- 
poudence around the year 381 when Ibn al-Haytham was about 26 years old, 
and we have seen Abû Sahl was writing in Basra, Ibn al-Haytham's home town 
and his residence until he went to Egypt at about the age of 35. We know also 
that al-Khâzini (18, p. 26] links their names in his treatment of centers of 
gravity. It seems to us, therefore, a possibility that around the year 381 Abû 
Sabl and Ibn al-Haytham were in personal contact in Basra and that the 
subjects they discussed together included at least centers of gravity, analysi 
and synthesis, and verging constructions, but whether this conjecture is 
probable must await further research on the work of both of these scientists. 
(fit was not in 381 but earlier, in 373, that Abü Sabl was working in Basra — 
and that seems to be as early as is possible — à link with Ibn al-Haytham is 
still possible, for Tbn al-Haytham would then have been about 18 years old 
and this is not an unusual age for a mathematical genius to be active.) 


We turn now to the remaining 
mathematical part of the correspon-  W 
dence, and in order to summarize AbG 
Sall's four analyses of the case when 
the angle is right and one side of it 
(EA) contains the center of the circle 
we refer the reader for the following 
discussion to Figure 20, a composite 
of the four figures in the text. In all 
cases we assume the point B has been 
found on the circle so that if WBZ is 
the tangent then WB : BZ is equal to 
the known ratio. (Thus WZ : WB and 
WZ:BZ are known but not WZ or 
WB or BZ. Any radius. such as DB. is 
known, and DE or EG is known, but 


that is all.) En 
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What Abû Sabl saw was that this problem could be solved by an apparently 
simpler problem, namely: Given two sides of an angle, a point E not in the 
angle, and a line DO, draw through E a line E Y Q intéresecting the sides of 
the angle in Y and Q so that YQ — DO, (138°:6). 


Such a verging construction was used by the ancient Greek mathematicians 
1a trisect an angle, and is effected by the intersection of a hyperbola and a 
cirele in Pappos [21, Bk. IV, Prop. 36-37]. This same construction was trans- 
mitted to the Islamic world by Thäbit b. Qurra (See Hogendijk [14a]), and 
SAbd al-Jalil al-Sijzi, whom we have seen was acquainted with Abü Sahl. 
mentioned it, so Abü Sahl's reference to conie sections could be a reference 10 
the construction Thäbit transmitted. 


Abü Sal also wrote two treatises on the regular heptagon (30, V, p. 318), 
and, although we have not seen the text of the treatises, it appears from the 
account of them given by À. Anbouba in [1] (for a shorter version in French 
see [2]) that it was not in these treatises that Abü Sahl did what he says on 
138:6.7, “We have shown how to do that in many places, and it may often 
happen that we do not need (for this purpose) to resort to comic sectios.” An 
example of the use of conic sections to solve the verging problem in 138°:6 is 
found in Ibn al-Haytham’s The Optics (K. al-manäzir) cited earlier, Ibn al 
Haytham being a younger contemporary of Abü Sahl al-Kükï, living in Baÿra 
when Abû Sahl was there. (Prof, À. L. Sabra kindly supplied us with a copy 
of his English translation of the parts we refer to here.) Book V of The Optics 
contains the six lemmas (mugaddamät) for the solution of the problem 
currently called “Alhazen’s problem”, and Ibn al-Haytham solved the verging 
problem Abü Sahl described in the course of establishing the first of these six 
lemmas. (For a statement of all six lemmas consult Sabra, [27].) His solution is 
as follows (see Fig. 19): 


Suppose we are given a segment [, 
and angle FNJ, and a point T outside 
the angle. We to draw a line 
CJF 80 that JF = I. 


Through T draw TQ || NJ and 
extend FN 10 Q. Draw TM || NQ so 
that TM meets NJ at M. Now, by 11. 
4 of Apollonios Conies, through M 
draw the hyperbola with asymptotes 
FQ , QT and then measure off T a a 
chord CM of this hyperbola. Let 4 
chord, extended in both directions, 
meet the asymptotes at © and L. d 
Through T draw TF || OL and let TF Fig 1 
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ses 1 


Fig 18 


and the use of the “scale-model” property via similarity of the two triangles 
À (EDd) and A (BdZ) to A (tXT) and A (TTK), respectively. 

However, to require TX : Xt = BD : DE is to require a verging construc- 
tion of a rather general type: namely the are MH L and chord MTL o! a circle 
are given, as well as a point (F) on the other side of the chord. We then require 
that the segment tX be constructed, verging toward F, so that TX : Xt is 
equal to a known ratio, namely BD : DE. (This is in fact a generalization of 
what À. I. Sabra [27, p. 200], describes as the fifth of six geometrical lemmus 
employed by Ibn al-Haytham in his K. al-manäzir. 


“From a point E outside a cirele having AB as 
diameter and G as center to draw a line that 
ents the cirenmference at D and the diameter 
at D such that DZ equals ZC.”) 
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four analyses of special cases. He even apologizes for not giving the syntheses 
here as well on the grounds that be did not want to make the treatise too 
long. 

Perhaps Abü Sahl omitted the analysis of the solution of the general case 
for the sume reason but, in any case, the proof he gives suggests to us thé 


following analysis. 
He began (Fig. 17) with the image of the problem solved and a circle drawn 


through the three points E, W, and Z. The line through B. perpendicular to 
WZ, will contain D, the center of the given semicirele, as will the line through 


E D 


Fig. 17 


E making an angle ZED with line ZE. So (Fig. 18) take the line segment KM 
divided at T so that KT : TH — ZB : BW. Draw a cireular arc KLM admit- 
ting an angle equal to # WEZ. Complete the circle to KCRM, where LM is 
the perpendicular to KH through T. On the arc KL choose F so that & KLF 
= +ZED. 

We have now used the given in Fig. 17 to construct the solid lines in Fig. 18, 
where the last point constructed (F) is one intersection of the line correspon- 
ding to ED in Fig. 17 with the cirole. To determine another point on this line, 
and hence the whole line it is only necessary 10 draw a straïght line tXF in 
Fig. 18 so that TX : Xt — BD : DE. Then, as Abü Sahl in fact shows in his 
proof, Fig. 18 is just a scale model of Fig. 17 where the correspondences bet- 
ween the points are W + H, B<s T, K «+ 2, tes E and D ++ X. 


Finally when the unalysis bas led us to the construction of satisfying 
the given proportion, the synthesis is simply a consequence of that proportion 
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easy 10 prove). As a result it a, 
CO : CE = LT : LX, 


n follows ex aeguali that 


and hence, 
E0 : CE = XT : LX. 
But, again using the similarity of A(XEL) to À (EDC), CE : ED = LX : Xt, 


and, as before, ex aequali proportion yields EG : ED — XT : Xt, s0. since 
Eû = DB, DB : DE = XT : Xt. 


Everything proved so far forms one section of the proof in that, from all 
the above material, only this last proportion will be needed in the sequel. 
In fact Abüû Sahl now observes (138*:29 — 139':5) that À (EDd) is similar to 
A (EXT) and from the resulting proportion, DE : Dd — X4 : XI, and the 
previous, he obrains ex aequali DB : Dd = XT : XP , from which follows 


Bd : Dd = TT : XT. 


Next in (139: 6-12) he notes that the aforementioned similarity implies 
Dd : Ed — XT : 7 and s0, ex aequali, Bd : Ed — TT :&l°. From this and the 
similarity of A(BdZ) to A(TTK) he deduces EZ : de — tK : lK, from which, 
together with the same similarity. he obtains ex aequali 


EZ : ZB = tK : KT. 


Finally (139°:12-15) the equality of + Z with + K and + E with + timplies the 
similarity of A(EZW) to À (tKH) which, together with the preceding, implies 


WZ : ZB = HK : KT, 
and s0 


WB :2B = HT:TK, 


which proves the theorem. 

Such is Abü Sabl's proof of the solution he proposes. The question, however, 
arises of the genesis both of the problem and of Abü Sahl's solution to it. In 
our view the two are intimately connected since we believe that the problem 
a geometrical construction problem of the type customarily solved 
Although no other references to this exact problem are found in 
the literature we have examined, problems of the same kind, together with 
the same terminology, are also found in the treatises of [brähim b. Sinän 
b. Thäbit [30, V. 294] and Ibn al-Haytham [30, V, 368] on analysis and syn- 
thesis, (The “terminology” we speak of is that found in Euclid'e Data, with 
its constant repitition of the phrases “known in position” (maläm al-wad°,) 
“known in form” (ma‘lüm al-sra) and “therefore — is known”.) It is, thus, 
because the problem originated within this cirele of problems that Abü Sabl, 
in addition to giving the synthesis of the general case, gives no fewer than 
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turns 80 it is always tangent 10 the circle, then we can (1) make BZ as small as 
we like and keep BW bounded away from 0, or (2) make BW as small as we 
like and keep B hounded away from 0 or (3) have BW approach a non-zero 
magnitude and make BZ arbitrarily large. In what is called the ‘fourth cuse” 
Abü Jshäq neglects to state that he assumes BD is a secant of the circle. 
Construction: (138-229 — 138":10). On the line segment HTK construct à 
cireular are KLH s0 that + KLH = + ZEW. Complete the circle KLM and 
construct its chord LTM 1 HTK. 

Now draw the line DE and extend it in both directions to points N and O 
s0 that DE:EN = DS:S0 = LT:TM. Since the angle this line makes with 
the secant AGE is assumed known, choose F on the circle KLM 50 that the 
angle in the segment KMHLF of the circle is equal to & DEG. 

Next, draw DC s0 that + EDC —+ FKL and DQ so that # EDQ= + MLF, 
and then draw NR || DC. Now insert the segment DO in the angle NRQ so 
it verges toward E, i. #., construct a line CEQ so that YQ — DO. 

Finally, on the circle KLM choose t so that + LMt = + DQE and join t to 
K, F, L and H. Then the tangent to the circle, ZBW, constructed s0 that 
AZB + tKH is the required line. 

Proof: The main steps are the following. To begin with (138°:10-19), choose 
points k,6 on CQ that DS — E0 — Yk. The similarity of A (ECD) to À (EYN), 
together with the verging construction and the definition of k, imply 
EC : EY — ED : EN — Yk:kQ. 
Then a straightforward manipulation of these proportions (138°:14-17) results 
in 
C8 : 6Q — ED : EN. 
This latter ratio is connected by the construction with the circle KLM 20 that 
Co : 0Q = LT : TM, 
and from this there immediately follows the Brst fundamental proportion: 
C8 : CQ = LT : LM. 
Next (138:19-23) the definition of t on the circle KLM insures that À (MtL) 


is similar to À (QDC), so that CQ : CD — LM : Lt, and it follows ex gequali 
from the previous proportion that CO : CD = LT : Lt. 


The third step (138*:23-29) is to nee the similarity of À (XTL) and A(EDC) 
to establish CD : CE — Lt : LX. (Abü Sabl in L. 24 says he has proved the 
similarity of these two triangles but he has become confused and is probably 
thinking of the proof of the aimilarity of A(CQD) to À (LMt). In any case bis 
constructions guarantee + EDC — + XtL and & © = & L, so the similarity is 


(1) 1e used this form to indiente for tha sector. 
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two correspondents to this problem, which it seems was posed by à third party 
to AbQ Jshäq. In its simplest form the problem is one of a eircle eut by a dia- 
meter BEG with a tangent at B and what is sought is a point Z on the cireum- 
ference of the circle so that if the tangent at Z euts the tangent and diameter 
at À and D, respectively then AZ:2D is equal to a know ratio. 

Aba Ishäg's Solution: If, proceeding according 10 analysis. we suppose the 
problem solved and draw the radius EZ, then an easy manipulation of ratios 
shows that if we know AZ:ZD, we know AD-ZD:ZD?. Since angles Z and B 
are right, the points A,Z.E.B are concyclic and (as a corollary to Euclid III, 36) 
AD-ZD = DBDE, while (by Euelid III, 36 itself) ZD? — DB-DG. Thus DB- 
DE:DB-DG, and so DE:DG, is known. Thus ÉG:DE is known and, since EG 
is the radius of the given cirele, DE is known. Since E is given, D is known and 
the required tangent is the tangent to the circle from D. 


Abü Ishäq now weakens the hypothesis to the supposition that BG is any 

chord of the circle. 
Aba Ishäg's Solution: By analysis we may suppose the sought, AZ:ZD. is 
known, 50 AZ:AD, and hence AD:AZ, is known; but, AZ and AB are tangents 
10 the cirele from À s0 AZ — AB and AD:AB is known. Then in the triangle 
ABD the angle B and the ratio of two sides AD:AB are known 50 the triangle 
ADB is known in form {ma*läm al-sära). (This follows from Euclid's Elements, 
VI, 7, since the augle BDA is acute. See also Nasir al-Din al-Tüsï's redaction of 
Euclid's Data, Prop. 44, and the comments that follow it [34, no. 1, pp. 18-19].) 
Since angle D is now known, we may draw CT s0 + TGB — + ADB. Then Z 
will lie on the intersection of the circle with the line EH drawn perpend- 
icularly to GT. The tangent to the circle at Z is then the desired line. 

As Abü Ishäq notes, this analysis is the more general, and the synthesis 
of this nice piece of mathematics is so clear that Abü Iebäq in fact refers to the 
analysis as ‘this proof". 

It is the remaining two cases, when AB is not tangent to the circle, that 

Abü Ishäq cannot solve, and we now begin with an overview of Abü Sabl's 
solution to the problem, supplemented by references to lines in the text where 
details may be found. 
The problem: (138':26-29) We are given the center D and radius DB of a 
circle ABG, as well as an angle ZEW of which at least one side outs the given 
cirele. Given as well are the distance from the vertex of the angle to the center 
of the circle, the angle ZED and the ratio of two line segments HT:TK. We 
are required to construct a point B on the portion of the cirele within + ZEW 
60 that if the tangent at B euts the two sides of 4 ZEW at Z and W then WB: 
BZ = HT:TK. 

We first note, however, that considerations of continuity dictate that the 
two cases posed here will have solutions, for if a given line (WZ in Fig. 12) 
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in as much as their knowledge is based on opinion and mere likelihood. To these 
he opposes Archimedes, Ptolemy and Hipparchos and, in more recent times, 
Thâbit and Ibräbim b. Sinän among whom error, when it oceurs, 
due to a mistake in calculation and occasions neither censure nor 

Finally there are the very interesting remarks on what it means for a 
ratio to be known. À complete account of this matter seems hardly possible 
since we lack the original letter of Abü Suhl that sparked the debate. We have 
only Abô Ishäq objecting that the ratio between two cylinders is known if 
they are of one kind (jins sdhid) but that otherwise it is unknown. 

This view goes back to Aristotle who in his Physies (VILA.248* and 2494) 
asserts of a straigbt line and cireumference of a circle that “these are not 
comparable" and locates the problem in the fact that the two curves are diffe- 
rent in species. This view enjoyed a long life, for a century after Abü Ishäq 
invoked the doctrine al-Jayyäni ([23], p. 20) wrote, *“Equality never oceurs 
between a straight line and a curved line for they are not of the same kind”. 
Of course, Abü Sahl replies by citing Archimedes, (in 133*:26), though, not 
knowing Prop. 18 of On Spirals he uses analogies drawn from Sphere and 
Cylinder. 

In this section (133°:19 et seg.) Abü Sabl makes a distinction between a 
ratio being known in the sense that the antecedent is so-many-times plus so- 
many-parts-of the conséquent (nisbat al-kamm) and its being known only in 
ihe sense that its conséquent and antecedent are magnitudes given as existing 
(nisbat al-wujäd). His proof in 134:10-11 that a circle and square have to 
one another a ratio of this second sort is simply the proof of the fret proposition 
in Euclid's Data (a work for which Abü Sahl composed some additional theo- 
rems, Sezgin [30,V, p. 319, No. 171}), specialized from two arbitrary magnitudes 
to the circle and square; but, his statement and proof that cireular and square 
cylinders are to each other as their bases seem to be original with him and 
serve to drive home the point that the results of mathematics are not subjects 
10 any a priori limitations, such as those which would limit the comparability 
of the curved and the straight, but are restricted only by the criterion that 
they must be capable of being demonstrated on the basis of a given set of 
premises. While, in our search for mathematical truths, our faith in nature’s 
regularity may lead to conjectures which seem indisputably true, the ultimate 
test is a georoetrical demonstration based on sound premises of the sort 
Archimedes or Euclid employed. Failing such a demonstration, a result cannot 
be claimed to be part of mathematics, but, when such a demonstration is 
found, the acceptability of the result cannot be denied, however much it may 
conflict with our preconceptions, These views of Abû Sahl are ones that most 
modern mathematicians would feel are identical with their own. 


VII. Problem of Circle Cut by an Angle: 


We begin this commentary with an overview of the solutions given by the 
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numbers appearing in the ratios 48 indicating something that is “natural”, 
places himself amongst those mathematicians and philosophers who believe 
that the deepest truths of nature are expressed by whole numbers and their 
The science of centers of gravity is, after all, about nature, and al-Kühi 
regards his table of integer ratios as such a characteristie expression of nature 
that it would be quite incredible if the final link in this beautiful chain of 
numbers should prove to fail when the other five were sound. 


Abü Ishäq points out, however, that if the science of centers of gravity is 
10 be at once both “demonstrative” (burhäniyy) and informative 
state of nature, then its results must satisfy the twin criteria of con 
with other results that have been demonstrated and with physical experience. 
On the basis of the first eriterion he attacks the corollary of Abü Sabl's eburt, 
namely the value 3%), for +, which he says contradicts what Archimedes said, 
while he attacks the law of the lever on the basis of the second. It must be 
said at once that his frst attack is considerably more successful than the 
second, which is based not on Abü Is! own experience at all but on a 
thought-experiment conducted on the assumption that if two objects balance 
about a fulcrum then they weigh the same. (For the appearances of this pre- 
judice in earlier literature see the authors [5, p. 1011.) The dismal failure of 
this criticism is mitigated somewhat by the success of the frst objection, that 
the value of 3 4}, for the ratio of the circumference to the diameter is incon- 
sistent with Archimedes” result that this ratio is between 3 %; and 3%, 


To Abü Sahl's credit he acknowledges that the key element in his recti- 
Bcation of the cirele has not been proved (137‘:20), but having acknowledged 
this weakness, be begins an attack on Abü Ishäg's source. We have discussed 
in our notes Abü Sahl's pointing to the possibility of textual corruption, so 
we turn immediately to his charge that the treatise on the measurement of 
the circle, being simply an approximation — and not a very close one at that 
is something of which no reputable modern geometer would be proud, let 
alone Archimedes. It is apparent from this that Abû Sahl’s conception of a 
“demonstrative science” is of one whose results are exact and not approxi- 
mative, The numerous approximative methods developed by the scientists 
of medieval Islam were therefore not part of a ‘‘demowstrative science” and 
in this Abü Sahl shared the viewpoint of Ptolemy, who gives what he calls 
the mathematical necessities for understanding the Almagest and says not a 
word about the multitude of numerical (approximative) methods which lie 
behind so much of his work. (For a discussion of this point see Pedersen [22].) 
So far removed did Abü Sabl consider approximations to be from a proper, 
“‘“demonstrative” mathematics that he concluded the treatise was not by 
Archimedes but merely attributed to him. Abü Sabl's remarks suggest that 
approximative methods are best left to “the physicists” ({äbi‘iyyun) such as 
Galen and Aristotle, who are doomed to disagreement among themselves 
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spoken of it here because it goes into the principles of subdivisions, and if 
We wanted to occupy ourselves with subdivisions, specifications, syntheses 
and the enumeration of different cases of the positions of points, according 
to the method used by Apollonios in bis works, our treatise would be very 
long.” 


VL The Barycentrie Theorems: 


As stated in the introduction both J. Sesiano [28] and the author [6] have 
published studies of this aspect of the correspondence: however, in order 10 
make this study as self-contained as possible, we note the following points. 
First of all the results about the centers of gravity of the three plane figures 
and their solids of revolution are, with the exception of the ratio 3:7 for the 
semicirele, true. Although the fve correct results were proved by Archimedes, 
we know from Abü Sabl's testimony in his treatise on the Volume of the Para- 
boloid (26, no, 6, p. 3] that his discovery of the center of gravity of the parabo- 
loid, and probably that of the hemisphere, was withont knowledge of Archi- 
medes’ results, Since we do not know of any treatise transmitted to the Arabic 
authors that contains the results for the parabola or the cone, we suppose these 
were also independent discoveries of Abü Sahl. The result on the triangle, of 
course, AG Sahl could have learned from such ancient sources as Heron's 
Mechanies, Pappos Book VIII, or even the book of Archimedes on centers 
of gravity he cites elsewhere (see our note on 131":24-25), and it is reasonable 
to suppose some baok got him started thinking about these matters. 


The two theorems on centers of gravity of circular sectors aud arés are quite 
correct and, as well, unknown in the aucient literature. They can both be 
derived by considerations that would not go beyond those known in the ancient 
world — the theorem on ares by the Pappos-Guldin Theorem and that on 
sectors by an argument given in my paper [6, page 8]: however, there is no 
way of knowing how al-Kühi discovered or proved them. 


VIL. Metamathem 


in the Correspondence: 


It is apparent that à large part of this correspondence is occupied with 
matters that we would consider as metamathematical, including extended 
discussions of the relation of mathematics 10 experience, what it means to 
say that à mathematical entity is “known”, the kind of results regarded a 
being purt of mathematics, and what evidence is regarded as admissible in 
mathematical arguments. These discussions provide an opportunity for us to 
overhear a medieval matbematician talking about his science with a well. 
informed amateur and reveal much of the state of mathematics in the late 4th 
century Hijra. 


Most of these issues appear in the debate over the status of the result on 
the center of gravity of a semicircle. Al-Kühi, in regarding the chain of whole 


137":6 
137":8 


137":16 
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See 132*:18 


Prof. W. Wallace has called our attention to the fact that in Ch. 1, 
Book I of his Almagest Ptolemy emphasises the disputes that must 
necessarily arise between philosophers on matters of theology ur 
physics, as opposed to the certainty inherent in mathematical 
methods. 


Ta the version of the Measurement of the Circle found in Col. MS Or. 
306/15 (M. Arshimidis fi takstr al-dâ’ira) the first li 
treatise as “attributed to” (mansäha ilä) Archimedl 


137°:24-27 He here refers to Archimedes’ division of the cirele into 96 parts 


138°:1 
et seq. 


138":6-7 


138*:17 


140°:15 


(each one being 3 3/49). In his recension [35, no, 5, 127-33] of Measu- 
rement of the Circle, Nasïr al-Din al-Tüsi comments on the astrouo- 
mers’ use of the chord of a small arc to estimate x. The table of 
chords Abü Sabl refers to may be found in The Almagest I, 11 [24]. 


“al& aqtärihi. The triangles are “on its diameters” in the sense that 
each triangle has part of a diameter as a median, eg. in Fig. 11, BGE 
has as its medias from E onto BG part of a diameter of the original 
parabola. This is a consequence of Apollonios Conies, I. 46. The 
property of the area of these triangles that is mentioned in lines 1 4 
formed a basis for one of Archimedes’ quadratures of the parabola. 
Ît was also an important link in Ibrähün b. Sinän's argument (which 
is, presumably, where Abü Sahl found the fact), and Abü Sahls 
praise of Ibrähim”s ability in lines 10-13 shows that he did not object 
to the use of a séquence of approximating figures when it was handled 
50 as to obtain an exact result, but only when, as is the case with 
Measurement of the Circle, the use made of the sequence is to obtain 
a sequence of numbers that result only in an approximation. 


The translation we use for “We have . . . conic sections” is taken 
from A. I. Sabra [28, 305 n. 10]. 


What seems to be intended by the phrase “as the ratio of one to its 
associate” (kanisbari wähidin ilà qarinihi) is that from a proportion 
b — c:d we may deduce a:b = (a+-c) : (b+-d), à 
a+e to b+ as the ratio of any one antecedent to its, associated, 
conséquent. The justification is Euclid's Elements V, 12. 


The language here is reminiscent of that quoted by Woepcke [36, 
p- 55, n. 11] from Abü Sahl's treatise On Centers of Circles T'angent 
10 Lines (see Sezgin [30, V, p. 319]), where Abû Sahl writes, “We have 
mentioned it (a previous problem), together with certain ones of 
those propositions, in our analytie treatise, which we have likewise 
titled On Centers of Circles Tangent 10 Lines. We have, however, not 
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136" :29 


137:11 


137:17 


137:19 
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sens exprimé par le verbe AauBévo, à un temps personnel, Anal. pr. 
B11 61 b 16”, and this is the reason for our translation “generally 
accepted”, The second category contains the kind found in Euclid 
(line 18) à. e. those which are clearly basic to and form part of an 
extensive deductive system. At the end of the first part, however, it 
is mentioned that according to other contemporary usages the mu- 
sallamät include the Enclidean postulates. 


In the second part Abü Sahl diseusses another seuse in which 
he has used mugaddamät, one that corresponds well to the modéru 
concept of lemmas, and it seems that he regards the one anproved 
element in his chart of centers of gravity, namely the position of the 
center of gravity of a semicirele, as this Kind of a premise not ont 
10 be accepted unquestioningly but as a theorem to be proved and 
10 which the theorem on the ratio of the cireumference 10 the diameter 
reverts. 


It is not surprising that Ab Sabl believed Euclid lived after Archi- 
medes. For example al-Ya®qübi makes Archimedes a student of 
Pythagoras, and many medieval Arabic authors kad only the vaguest 
ideas of the lives of the Greck mathematicians. What is surprising 
is to see Abñ Sabl relating Postulate 1 of On the Sphere und the 
Cylinder, Book 1 (“The straight line is the shortest of all lines having 
the same extremities.”) quite correctly and then speaking as if it 
were no more than wbat Euclid proved in The Elements, I, 20. 


See Ptolemy’s introduction to his discussion of retrograde motion 
in The Almagest, XII, 1 [24], where Apollonios is mentioned. 


bi-burhän handasiyy. This must modify jahadnä in the following 
line, rather than the preceding wujäd, since the whole point of the 
remark here is that it was the arrangement he discovered in the five 
cases that led him to his conjecture about the center of gravity of a 
semicirele, for which he still does not have a proof. 


The reference to his having managed a proof that the ratio of the 
circumference of a cirele to its diameter is equal to the ratio of a 
Straight line to a straïght line is to his theorem that the ratio of any 
arc to its chord is as the radins of the circle to the straight line 
joining its center to the center of gravity of the arc. 


Since there are two major results used in the proof that the ratio of 
the cireumference to the diameter is 28:9. the one locating the center 
of gravity of an are of a cirele and the other identifying the center 
of gravity of such an arc with that of a sector of a concentric circle, 
it is mot clear to which “geometrical theorem” Abü Sahl refers, 
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Properly speaking, the result A/P — A:B/P-B, which Abü Sahl 
aseribes to Euclid, is not found in the Elements though it is immediate 
from the theorems in Book XII, particularly XII. 6 and the 
porism to XII, 7. 


135':20-21 Archimedes proved this in Measurement of the Circle, Prop. 1. 


135*:12 


135*:13 


135":14 


136:5 
et seg. 


The writings on centers of gravity, or more generally on mechanics, 
which Arabic authors assigned to Euclid are Magäla fi‘l-misän and 
Kitäb f’lthigal wa'l-khiffa wagiväs al-ajrêm ba*dihà bi-ba‘d. For 
details see [30 V. p. 120]. 


The vnly writing of Thäbit ibn Qurra known to us that deals with 
the law of the lever is is treatise on the Qarastün, a work which makes 
no mention of centers of gravity. (Kb.-Jaoniche [33] has published 
an edition of the text of this work, together with a French translation 
and commentary.) The implication that Thäbit took the law as a 
premise is puzling since Prop. 3 of Thäbit's work is devoted to a proof 
of the law, though it would likely not have satisfied Abü Sahl, who 
no doubt considered it 10 be more of a discussion intended to make 
the result plausible than a proof. 


The attribution of an interest in mechanics to Abü Sa‘d is something 
new and indicates there was more 4th century (Hijra) interest in 
theoretical mechanics than has beco thought up to now. 


Abü Sabl's argument is that the line through the center of gravity 
of au equilateral triangle parallel to the base divides the triangle 
into tw6 disjoint parts whose areas (or weights) are in the ratio of 
4:5 but the triangle still balance about that line. The reason for the 
restriction to an equilateral triangle is not clear, but porhaps Abü 
Sabl thought his correspondent would feel more confident of the 
result in the case of a simple figure. 


135*:22-23 According to W. Hiuz [14, p. 35] the oke was generally 1/12 of a 


136*:1 
137:6 


rall so Abü Sabl is dramatically emphasizing the point that balancing 
does not depend on the two weigbts being equal but rather on their 
positions relative te the balance point. 


The basie distinction in the first part of this passage is between 
premises (mugaddamät) that are “generally accepted” (musallamät) 
and those that are “necessary” {dûrruriyat). The first type seems to 
include ad hoc assumptions that need a proof (even if one may not 
be forthcoming for some time). The term musallamät is a technical 
term in Arabie logic and according to A. — M. Goichon [10 and 11, 
pp. 151 and 13 resp.] musallamät are “admises, sans être accompa- 
gnées de démonstration . . . ” and are “admises (propositions). au 
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This definition of “cylinder”, if a definition is what is intended here, 
is not found in Euclid, whom al-Birüni follows in the K. al-tofhim in 
definiag as a solid of revolution. Here again (see note to 131°:2-23), 
we observe a téndency to reduce to uumbers what were once distinct 
geometrical genera. 


AbG Sal, in calling lines “rational" or “irrational"”, is using the 
terminology of Book X of The Elements, where Def. 3 states that all 
lines commensurable with a fixed straight live, or commensurable 
with it in square, are to be called rational, and all other lines are 
called irrational, The phrase “more exotic than that” in line 22 would 
thus rofer to lines not even commensurable in square. 


28 The theorem for cireular cylinders is Euclid XII, 11, and for square 


cylinders is XI. 32. 


Abü Sahl must be referring to that fact that, given the theory of 
ratios as explained in Book V of Euclid, any proof of equality of 
ratios must be implicity comparing multiples. Certainly Euclid's 
proofs of his theorems on cylinders do not explicitly use multiples, 
although the theorem for parallelograms and triangles (Book VI, 
Prop. 1) docs. (The Euclidean theory of ratios was known to the 
Arabie mathematicians from at least the ninth century onward. See 
[23], especially Chapters 1 and IL.) 


This proposition does not oceur in the Greek text of Euclid, although 
the corollary that “In equal cones and cylinders the bases are reci- 
procally proportional to the heights” is the first half of XIL 15. 


135r:10-14 In bis treatise R. f? istikhräj misähat al-mujassam al-mukäft (On 


135":16- 
135*:6 


the Volume of the Paraboloïd) (26, No. 6, 15] Abü Sahl also makes 
the remark that the proof for the case of one-half is the same as the 
proof for “more than its half”. 


To summarize this proof we shall, in the spirit of al-Kühi, denote a 
cylinder whose base is Y and whose height is B by Y - B. Our author 
wants to show that if A-B is a square eylinder and G-B a circular one 
then A-B : G-B — A:G. Following the classical method of exhaustion 
he assumes first that A-B : G.B — A:D where D is an area not equal 
te G. (Here io common with Euclid and Archimedes he assumes the 
existence of a fourth proportional.) Suppose D<G s0 there is a polygon 
Pinscribed in the cirele G so that D<P<G. Then A:P<A:D and A:P 
A:B:P.B, “since Euclid proved that”, Thus A-B:G-B > A-B:P.B so 
P-B > GB, which is a contradiction, since “the whole is not less than 
the part”. À similar argument, replacing P by & cireumscribed poly- 
gon, shows that neither is D > G. Hence, D — G and tbe theorem is 
proved. 
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(a b):b = (e - d) : d, the Arabie term, taffil, corresponds to the 
Euclidean term Bépes, and we have followed T, L. Heath’s practice 
for the latter term and translated it separando. 


13316 maflüm al-süra. This means “known in form”, i. e.. up to similarity. 
See Euclid’s Data, Def, 3. 


133":19-20 kammiya migdär ahadihimä min al-äkhar, This is the very phi 
al-Birüoi uses in his K. al-tafhim [7, p. 11] in expl 
s0 the definition must have been a common one in the late 4th — 
early 5th Hijra centuries, The phrase also oceurs, without “miqdär", 
in line 21. (See the commentary “Metamathematics” for our interpre- 
tation of this and the following discussion.) 


13:24 The relevant theorems in Archimedes’ Sphere and Cylinder, Book 1, 

et seg. are, for the first, the corollary to Prop. 34 (whose proof makes it 
plain that the surface of a sphere is equal to the lateral surface of 
its cireumscribed cylinder) and, for the second. Prop. 14. 


134':13-16 Since the chord of 720 is the side of a regular pentagon in the 
cirele, it is constructible (Elements, IV. 11), and since 19 — (1/3) 
(1/2) 72°, it follows that the chord of 1° is constructible by anyone 
who can trisect the angle. Abü Sahl, in fact, wrote on a method of 
trisecting the angle by using a hyperbola [30, Vol. V. 318 191]), 
but the point of this passage is that if one wants, in addition to the 
geometrical construction, the numerical ratio of the chord of 1° to 
the diameter then he can only get approximations and never an exact 
expression in terms of parts of the diameter (nisbat al-kamm). 


134:26-27 the proof I gave that the straïght line is equal to the curved line. By 
this he may be referring to what he mentioned earlier, in 130":14-15, 
or he may mean his purported rectification of the cireumference of 
a circle. His next statement that “the area of the cirele is equal to 
the square” must refer to a proof in a letter we do not have, although 
it would have followed easily enough from his alleged rectification 
and Theorem 1 of Archimedes’ Measurement of the Circle. 


134:2  Abü Subl refers here to the property of curves that Proklos, in his 
Commentary on the First Book of Euclid's Elements, ascribes to the 
cylindrical spiral, the circle and the straight line and calls “homeo- 
meric”. (See Morrow [19a], p. 85). 


134*:5-6 That Abü Sahl knew of Archimedes’ Quadrature of the Parabola only 
from its mention in the preface to Book I of On the Sphere and Cylin- 
der is indicative of how little of the present Archimedean corpus was 
known to the Arabic authors. 
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1321:4-5 “alà takäfi : al-Birüni defines “takäfi al-nisba” in the K.al-tafhim 


132":6 
et sege 


132*:1 
132":6 


132*:25 


133":1 


133 :2 


LT. p. 17] as inverse ratio and mentions the steelyard as an example. 


The point of this example is that the premise Abü Sahl uses (the law 
of the lever) is unsound because it implies a body will balance about 
a point even when a plane through that point divides the body into 
two unequal balves. For comments on the misconception that balan- 
cing implies equality of weight of the objects see Berggren [5]. 


Wäsif was a town about 200 km NW of Bagra. 


To judge from the list of its aubjects (lines 8-10), the letter he refers 
to as having just arrived is the previous one in this collection of 
letters. Thus, the first part of this letter gives information on a pre- 
vious letter of Abü Sahl to Abü Ishäq, in fact the “First Letter” on 
our list, as is shown by Abü Sahl's reference to “my two writings” 
in 13322. 

This passage can he tranelated variously, but the supposition that 
“the shaykh°” refers to a third person seems 10 be the only onc con- 
sistent with Abü Sabla reply starting on 138:21, for it appears from 
that passage that it was not Abü Sakl who posed the problem. Our 
comments on this problem may be found in Sec. 8. 


tahlil This is the Arabie translation of the Greek word évéumc, 
explained by Pappos in Book VII of his Collection [21, p. 634]. Thougb 
this book was not known 10 the Arabie authors, many of the work 
Pappos lists as belonging to the “Treasury of Analysis”, such as 
Euclid's Data and various treatises of Apollonios, were, and on 
140':15 Abü Sahl refers to Apollonios as one who treated problems 
by analysis and synthesis. The first Arabic work we know of men- 
tioning analysis is the treatise of Ibräbïm b. Sinän (296/909 -335/946), 
bis M. fi farig al-tahlil wa Ltarkib. . . (Hyderabad, 1947). Al-Kühï 
himself wrote two short works on geometrical problems solved by 
the method of analysis (No’s. 8 and 9 of Sezgin V (30. p. 319]), and 
among the list of titles of Ibn al-Haytham’s works we find five men- 
tioning analysis, only one of which, the M. fi ltalil wa l-tarkib, is 
known to be extant today. These examples indicate the importance 
of this method in the fourth Hijra century. 


tarkib. This term translates the Greek cbvlens and can refer 
either to the reverse of tahlil (see above), in which case we translate 
it as “synthesis”, or, as here, to an operation which produces from 
the proportion a: :d the proportion (a+-b) : b = (cd) : d,in 
which case we translate it as “composition”. For the opposite opera- 
tion, which deduces from the proportion a:b — c:d the proportion 
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#tseq. Since in Arabic the unpointed forms of the words for ‘‘seveuty"” and 
“ninety"are the same, Ab Sahl is right in suggesting that the 
discrepaney between his result and Archimedes could be due to a 
copyist's error. In his discussion of this passage J. Sesiano points 
out that there did circulate in the Islamic world a version of 
Measurement of the Circle in which the proof of tbe last part of Prop. 3 
was missing, precisely that part that establishes the lower bound 
3 10 for # and suggests that this must have been the version Abü 
Sabl was familiar with [29, p. 288]. 


Perhaps it was the incompleteness of this proof combined with 
the approximative approach of Archimedes’ treatise thot, in the 
following letter (see 197°:14 et seg.), led AbG Sahl to dismiss the 
whole treatise as onworthy of the great geometer and probably a 
spurious work. 


131":16 Since there is no mention of square cylinders in Abû Sahl's previous 
letter, and the circular cylinder is mentioned only in the contest of 
volume determinations (130":10-11), it seems that Abü Ishäq is reply- 
ing to an earlier letter of Abû Sahl which we do not have, and this 
impression is confirmed by Abf Sahl’s mention of his two (previous) 
letters io 133":2. 

131":24-25 It is hard to know how much to make of Abü Ishäg's complaints 
about the lack of any “complete book” or “satisfactory work on the 
science of centers of gravity by any of the ancients or moderns”. 
Certainly the Arabic authors had Heron’s Mechanies and Book VIII of 
Pappos’ Collection; but, were this all, Abü Isbäq's remarks would be 
quite understandable, However, F. Sezgin [30. V. p. 136] quotes two 
titles of works of Archimedes, the first a K. ff musäeët al-muyl (“The 
Equalization of Inclination") and the second a K. fi Lmuädalät 
min al-ashkôl allati stu®mila fihä'l-amhal (“On the Equilibria of 
Figures, in which levers are used”). Both titles are in fact cited by 
Heron [13, 67:3] but we have not been able to ascertain whether 
actual MSS of these works are known, However, J. Hogendijk has 
drawn our attention to a passage that oceurs in the beginning of 
Abû Sahl's Treatise on the Construction of the Regular Heptagon in the 
Cirele where Abü Sahl refers to the high regard mathematicians of 
his time had for Archimedes’ works, citing “his existing books such 
as the Book of the Centers of Gravity and the Book of the Sphore and 
the Cylinder.  ”, Thus, Abû Sahl had as a base from which to begin 
his work a treatise of Archimedes dealing with centers of gravity, but 
which work this was is not clear. We do know, however, from Abü 
Sabl's remarks on 135°:12 and 136°:10, that, whatever work it was, 
it did not contain a proof of the law of the lever. 


74 


130°:27 


J- L. BERGGREN 


AI-Khärini reports another work of Abü Sahl on centers of gravity, 
[18, p. 27], containing theorems about heavy bodies in liquids (“jis- 
mun thaqilun fi ajsamin ratbatin”) but no references to “liquid 
bodies”. Perhaps Abñ Sahl means by liquid bodies those of irregular 
shape conceived of as blown in glass and filled with liquid in order 
to have weight. 


Under the word “four” in this line there is an arrow and in the left 
margin is an arrow with sab'a (unpainted) written next to it. There 
is no apparent reason for this. 


130":27-29 The numeral forms are extremely close to those of the Bodleian 


MS of al-Qänün al-Mas‘ädi (copied 1082 A. D.) displayed by R.A.K. 
Trani (15, Plate L, p. 4] in bis study of Arabic numeral forms. The 
numerals found in C differ most in the form of #2". 6" and #8", 
The numerals do not appear in D since the chart itself docs not 
appear. 


130°:14-15 that straight line is always equal to on are. He is referring to the 


straight line GD in Fig. 4, for. in his example of this on 130":22, he 
names the line, and he says he has proved it — evidently-in his Book 
of Centers of Gravity. 


131°:2-23 Abü Sahl's proof may be explained as follows: By histheor em on 


131:24 


the center of gravity of au are, BD : DE — ABC : AG = } (ÂBG): 
3 AG—BG:BD, so BD? — ÉG x DE. By assumption ZD:DB — 
so ZD? : BD? — 9:4, and, thus, ZD*: BG x DE — 9:4. Since hi 
other theorem implies E is the center of gravity of the larger ser 
circle F2, his “wonderful arrangement” implies DE: ZD =3: 7, su 
BG x DE : BG x ZD = 3:7— 4:94 . Ex aequali. and simpli- 
fyiog, we conclude ZD : ÊG = 9 : 9 4 ; but, since similar ares are 
as their radii 2: 114. Thus, again ox aeguali, 
ZD : = 9 + 14. Hence, 9 : 28 = 2 (2D):4(20) — HT : 2(M27). 


The phrase ex aequali, which appears throughout this corres- 
pondence, renders the Arabic bi/l-musäwt and refers to The Elements, 
V. 22. 


The multiplication of an arc by a straight line on line 4 shows 
that for Abü Sahl the barri g number from magnitude 
no longer exist. He attempts to give no geometrical interpretation 
to the product, and he plainly behaves as if he were taking the pro- 
duet of a number by another number. 


Abü Sahl here refers to Prop. 3 of Measurement of a Circle, 
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378/988 and their mutual interest in scientific matters led to a friendship which, 
later, when Sharaf al-Dawla died in 989 at the age of 27 and Abü Sahl left 
Baghdad to go to Basra, gave rise to this correspondence. 


On the basis of these considerations we conelude that. although the year 


373/983 is a por 


lity, the weight of evidence supports our conjecture that 


the correspondence took place during the year 381/991. 


Y._ General Commentary 


129:9 


129":14 


qiffa min d&'ira This means, literally, “a segment of a cirele”, but it 
refers either to the area or are of a sector of a circle, according to the 
context, For example, Abü Sahl's remark in 130°:3 about “qifatän 
min déiratayn”, that, under certain conditions, “the center of gra 
vity of the are of the smaller of the two and the center of gravity of 
the surface of the larger of the two is one", is true for sectors, but 
not for segments. He goes on in line 9 10 call this surface “a sector” 
(ait). which is not the nsual name for the surface of a segment, 
s0 we shall translate gifd® as “sector”. 


Ta the Fihrist al-Nadim cites this lost work of Apollonios (20. p. 637) 
“The Determined Ratio, two sections — Thäbit (b. Qurra) corrected 
the fret, the second is translated into Arabie but is not clearly un 
derstood”. This latter remark conforms well to the impression created 
by the references in this correspondence (see also lines 24-25). We 
believe this work is an Arabic translation of thewrk cited by Pappos 
in the seventh book of his Collection under the title Diürismen® Tom 
Gi. e. The Determinate Section) [21, p. 642] and whose subject, as ex- 
plained by Heath [12, If, p. 180], is, “Given four points À,B,C.D, on 
a straight line, to determine another point P on the same straight 
line such that the ratio AP + CP: BP - DP has a given value”, 


129:26-27 thalâthat ashkäl aw arba‘a mudawwara To translate this as “three 


130°:7 


or four cireular theorems” has a connotation not intended by Abü 
Sahl, so we have chosen to use the basic meaning “figures” as the 
translation of ashkal. What he means is “theorems dealing with 
cireles”, so they would have cireular figures. 


ajsäm sayyäla wa ghayr sayyôla 
The meaning of the phrase “liquid and non-liquid bodies” is 
obscure but this translation is the best we can do with a text that 
scems corrupt. Since all three MSS agree on the reading we have not 
attempted to amend the text; however, if the intended meaning was 
as we bave translated it, one would have expected 
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results on the barycentric theory, for the first letter we have from him announ- 
ces in an obviously proud tone the many results be had discovered on centers 
of gravity. As 10 when he began investigating these matters we obtain a elue 

Ffrom the preface to his troatise Ffamal al-musabba® al-mutasduï al-adla* fi 
dd'iratin maflimatin (MS Paris BN 4821, f. 17"). which begins “There appeared 
in the time of mawlänä, the great, victorious King “adud al-Dawla, may God 
prolong his life and continue his authority, many of the noble sciences, belles 
lettres, fine arts just as there appeared many geometrical theorems which 
did not appear in the time of one of the (other) kings despite their efforts to 
make them appear and their struggle for their derivation, for the reason that 
they knew that this kind of the mathematical sciences (al-‘ulüm al-ta‘limiyat), 
sueh as (the sciences of) astronomy, number. weights, centers of gravity and 
similar ones are among the philosophical disciplines. . . ”. 


Even discounting the flattery apparent in the above dedication it scems 
there was a flowering of the mathematical sciences under the patronage of 
“Adud al-Dawla (see eg. E. I.. 1 (82), and we believe the reference to “centers 
of gravity"” refers to Abü Sahl's own discoveries in this area. Thus, it appears 
that this correspondence, which was written after Abü Sahl had done a con- 
siderable amount of work on the barycentric theory, took place during or after 
the reigo of “Adud al-Dawla, i. e., the years 367/978- 373/983 during which 
Abü Sahl made his first discoveries about centers of gravity. 


The other clue to the date of the correspondence is the date Abü Ishäq 
gives 10 his firet letter, Sunday, the eighth of Safar. Since he, who was by 
profession a goverament official, is not likely to have used the astronomers’ 
calendar (see Kennedy [16, p. 232] for the different calendars) to date his 
correspondence, we are able to list the possible dates for the frst letter of 
Abü Ishäq, i. e. the years between 367 and 384 when 8 Safar fell on a Sunday. 
They are the years 368/978, 373/983 and 381/991 (see Wustenfeld [31, p. 9]). 
The first is the least likely of the three since it was 100 early in the reiga of 
“Adud for Abü Sabl to have done as much on the barycentric theory as this 
correspondence suggests he had. Also ADO Ishäq had just been incarcerated 
by ‘Adud and told t6 start writing a history of the Büyids to atone for his past 
lack of support of ‘Adud’s cause. The second one, just at the end of ‘Adud'e 
reign, is perfectly possible, but our impression is that Abü Sabl was a favorite 
of ‘Aqud and stayed in Baghdad during his reign, and if this is so, it hardly 
accords with Abü Isbäq's lament in the correspondence that “the times do 
not give him his due”. What would accord with this remark is the very last 
possibility, 381/991, for then the last of Abü Sahl'e patrons, Sharaf al-Dawla, 
had died, and the observatory in his garden, where Abü Sal had directed the 
observations Abü Ishäq witnessed, had been closed. This would also explain 
how it happened that Abü Sabl and Abü Ishäg had even begun the corres- 
pondence; namely, they got to know cach other in Baghdad around the year 
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(5) The Qadi AbüfAli Ribäs b. Barnäs (132*:4). The name js unpointed in 
all MSS and various pointings have not led 10 a name mentioned ia the 
sources listed in (4). 


(6) Abu I-Mufaddal al-Ansari (132°:7). The name is completely pointed in 
all MSS but that has not helped to identify him. 
(1) Euclid (134 135":1,3,8,0: 135°:12: 136":627,18.20). 
lexandrian mathematician is best known for his Elements, 
he is also cited in this correspondence for his Data and as the author of a 
work on the law of the lever, 


(8) (Klaudaios) Ptolemy (134:16: 13629; 137°:16,26). AbG Sahl cites 
Ptolemy, who flourished in Alexandria around 135 A. D. as the author 
of The Almagest. 


(9) (Ab Ishäg) Ibrähim b. Sinän (b. Thâbit b. Qurra) (134":7; 136":26-27: 
138:6.11113). A grandson of Thâbit, he lived in the Brst half of the dth 
Hijra Century and is mentioned here only for his treatise on the measu- 
rement of a parabola. Studies done to date on his works make it clear 
that he was one of the best mathematicians of his time. 

(10) Abü Safd (al*al#') b. Sal (134:7; 135°:14). Since Suter (32, p. 82) 
already noticed that Abû Sa°d commented on Abü Sakl's treatise an the 
astrolobe, and since we now have the latter conveying an opinion of the 
former, it is certain that the two men were contemporaries. Although we 
do not know of a treatise on the area of a parabola by him, as mentioned 
by al-Kühf, there is a short MS, Paris 2457/29, entitled On the Properties 
of the Three Sections. 

(11) Aristotle (137°:8). 

(12) Galen (137:9). One of the greatest physicians of antiquity. be fourished 
in the last half of the second century A. D. 

(13) Hipparchos (137°:12,13). He flourished in Rhodes in the mid-second 
century B. C. and was known to Abü Sahl through Ptolemy’s mention 
of him. 


IV. The Date of the Correspondence 


There are two events which fix the interval during which this correspon- 
dence was written. The first is the accession of the Büyid ruler ‘Aqud al-Dawla 
to the kingship of the Büyid dominions (largely Jraq and western Iran) in 
367/978, and the second is the death of Abü Ishäq al-Säbi in 384/904, (19). 
Although the relevance of the second event for dating the correspandence is 
plain enough the frst requires some explanation. 


To begin with, the correspondence leaves the distinet impression that it is 
taking place at a time when Abü Sabl had already obtained a large number of 
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is as the ratio of DZ to ZB, and the square of line ZB is equal to the product 
of line GZ by ZA. since the line ZB is (11) tangent to the circle, it follows that 
the ratio of the product of the line EZ by ZD to the product of the line GZ by ZA 
is known. Thus the point Z is known (12) by Apollonios’ Book of the Determinate 
Ratio. Consequently. the live ZBW tangent to the cirele is known, (13) and 
that is what we wanted to prove. (14) Other approaches: Similarly there are 
many approaches to the Grst figure but [ wrote only one of them by synthesi 
(15°) for if T had written the other approaches and used analysis and synthesis 
and division (into cases) and diorismos, as Apollonios did (16) in some of his 
theorems, our composition would be (very) loug. I hope that he will attend 
to that (which we have written) with (his) blessing, God willing. (17) The 
letter is finished and much praise be to God, Lord of the worlds, and God bless 
and grant peace to His prophet Muhammad and his family, the good. 


IL. Persons Mentioned in the Text 


We provide, for persons (other than the authors) mentioned ia the text, 
some bio and bibliographical information based primarily on the materi 
in Sergin (27). We begin with the fall name, as given by Sezgin, enclosing in 
parentheses those parts not cited by Abü Sal or Abô Isbäq. Immediately 
after the name parentheses enclose the page and line numbers in this treatise 
where the person is mentioned. The information following this mainly con- 
cerns the work (s) to which our authors refer. The order in our list is the order 
in which the names appear in the correspondence. 

(1) Apollonios (of Perga) (129°:14.23,28; 134*:11; 136:29: 140° 
Astronomer and mathematiciau known for his Conies but cited in this 
treatise as the author of Cutting-off à Determinate Ratio. Fi. ca. 210 B, C. 

(2) Archimedes (130°:9: 131:24,29; 132°:18; 133°:26; 1341:1,45 134°:6,11; 
15:12: 1365: 137:6,7,15,16,17,27,28;  138:6,11,13,143,16,17). 
The works of this greatest of the ancient mathematicians cited in this 
correspondence are Sphere and Cylinder, Measurement of à Circle and 
The Lemmas. FL. ca. 240 B. C. 

(3) (AbG'I-Hasan) Thâbit b. Qurra (b. Zabrün al-Harräni) . (130:11: 134°:7: 
135:12; 136*:27.28: 138':6,11). Ho fourished a century before this 
correspoudence oceurrod and was distinguished both for his translation of 
Greek and Syrine works as well as for such original compositions as his 
measurement of the parabola and paraboloïd and his study of the unequal 
arm balance (garusin), all of which are referred 10 in this correspondence. 

(4) Abü Shnjä® Shahribän b. Sirkhäb (132":3). The name is pointed thus in € 

ent with what pointing there is in I. The name is 
not listed in Qifti, al-Nadïm, Ibn Ab1 Usaibi‘a or the standard Western 
bibliographies, but he and the following two were contemporaries of the 
correspondents. 
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Fig 15 (for 139%: 18) 
Tu 1 D is placed very near G, evidentiy 
s0 that line ET will not become 100 long. 


consequently the line ZBW is known, and that is what we wanted 10 prove. 
(8) Another approach: Since the known ratio of the line WZ to the line ZB is 
as the ratio of the product of line WZ by ZB to the square (9) of ZB, and the 
produet of line WZ by ZB is equal to the product of line EZ by ZD, since the 
two triangles EWZ, BDZ are similar, (10) and (since) the ratio of WZ to ZE 


Fig. 16 (for 140r: 8) 
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and the point D is known, so each one (9) of the two points Z, K is known. 
Thus, the line ZB tangent to the cirele is known, and that is what we wanted 
10 prove. (10) Another approach: Since the ratio of the line BZ to ZW is the 
known, if it is as the ratio of the known line DB to the line WT (11) the line 
WT will be parallel to the lise BD, and it will also be known in magnitude, 


Fig. 14 (for 139%: 10) 


and 0 its square will be known: but, the square (12) of the line WT will be 
equal to the produet of the line ZT by TE since the angle ZWT is right, being 
equal (13) to the right angle ZBD. Now the ratio of the product of line ZT by 
TE to the product of TE by TD is known, since it is (14) as tho known ratio 
of the line ZT to the line DT. So the product of line DT by TE is known, and 
the line DE is known, (15) so the line ET is known. The point E is known, so 
the point T is known, and thus the point W is also known (16) since the line 
TW is known in magnitude, Consequently, the line WBZ tangent to the cirole 
is known and that is what we wanted (17) to prove. (18) Another approach: 
If the known ratio of the line DE to the line DB is as the ratio of the line TE 
10 ZB (19) the ratio of the line TE to ZB will be known, and the line TDB will 
be straight if the line TE is perpendiculur (20) to the line GD. The ratio of the 
line ZB to the line ZW js known, so the ratio of the line ET to the ZW is known. 
(40:1) Thus the ratio of the square of the line ET to the square of the line 
ZW is known, aud the ratio of the square of the line ZW to the product of the 
line (2) ZW by WB is known, since it is as the ratio of the line ZW to WB. 
Thus the ratio of the square of the line ET to the product of the line (3) ZW 
by WB is known. But the produet of the line ZW by WB is equal to the pro- 
duet of TW by WE, by the similarity of the triangle ZWE (4) to the triangle 
TWB, and the ratio of ZW to WE is as the ratio of TW to WB. Thus the ratio 
of the square of ET to the product (5) of TW by WE is known, and s0 the 
ratio of the line TE to the line EW is known. Hence, the ratio of the line ZW 
+0 (6) the line WE is known, and the angle ZEW is known since it is right, so 
the triangle ZEW is known in form. (7) Thus the angle AZB is known, s0 
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of the line TT to the line FX: (6) but, the ratio of the line Dd to the line dE is 
2 the ratio of the line XP to the line De, so ex aequali the ratio (7) of line Bd to 
line dE will be as the ratio of line TP t line De. So, if we invert, the ratio of 
the line Ed (8) to dB will be as the ratio of line tP te the line PT. Now the ratio 
of line Bd to line 4Z is as the ratio of line TT (9) to line PK. Thus, ex aequali 
also, the ratio of line Ed to line 4Z will be as the ratio of line tP to (10) line TK. 
Now, if we compose, the ratio of the line EZ to the line Zd will be as the ratio 
of line tK to line KT: but, the ratio (11) of line dZ to line ZB is as the ratio of 
e KT, s0 ex aequali also the ratio of line EZ to (12) line ZB will be 
tK to line KT, and the ratio of line WZ to line ZE (will be) 
as the ratio of line HK (13) to line Kt. since the two triangles EWZ. HKt are 
similar. Thus, ex vequali also, the ratio of the line WZ to the line (14) ZB will 
be as the ratio of the line HK to the line KT, s0. if we separate, the ratio of 
the line WB to the line BZ will be (15) as the known ratio HT to TX, and that 
is what we wanted to prove. 


(139":1) (1) And this. if the line AGE is not the diameter of the circle and 
the angle AEW is right. And as for (the case) if the line AGE is the diameter 
(2) of the circle and the angle AEW is right then we said it is easy, since the 


Fig. 13 (fer 139%: 1) 
Vu 1 the line BTis drawn se a radius and D falls midway between T aud G. 


known ratio of the line WB to the line BZ (3) is as the ratio the line ET to the 
line TZ when BT is perpendicular to the live AG. So the ratio of line ET to 
line TZ (4) is known, and if we make this ratio as the ratio of the line DT to 
TK the ratio of the remaining known line, ED, (5) to the remaining (line), 
KZ, is known. Thus, the line ZK is known, and the ratio of the product of the 
line ZD by DK to the product (6) of the line ZD by DT is known, since it is 
as the ratio of the line DK 10 DT, DZ being a common altitude to them both. 
(7) The product of line ZD by DT is known, since it is equal to the square of 
the line DB, and so the product of line ZD by DK is known. (8) But we have 
proved the line ZK is known, s0 each one of the two lines ZD, DK is known 
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the angle HKt, and the construction ôf this is easy. Then 1 say that the ratio 
of the line WB to the line (10) BZ equals the ratio of the line HT to TK. The 
proof of that: If we make the line YK equal to the line DS so that (11) there 
remains the line kQ equal to the line SO, and we make Eb equal to the line Yk 
also, s0 that the line EY will be (12) equal to the line Ük, (then) since the ratio 
of the line Yk to the line kQ, 1 mean the ratio of the line DS to SO, is us the 
ratio (13) of the line DE to EN, and (since) the ratio of the line DE to EN is 
as the ratio of the line CE to the line YE, since the two lines CD, NR (14) are 
parallel, then the ratio of the line CE to the line EY is as the ratio af the line 
Yk to the line kQ, And the line YE is equal to the line (15) 6k and the line Yk 
to the line E0, so the ratio of the line CE to the line Ok is as the ratio of the 
line E0 10 the line kQ. (16) Thus the ratio of the sum of the two lines CE, Eb, 
T mean the line C0, to the sum of the two lines 6k, kQ, 1 mean the line 8Q, 
is as the ratio (17* ) of one to its associate, which is as the ratio of the line DE 
t0 EN. But the ratio of the line DE to EN is as the ratio of the line LT to 
(18) TM, and s0 the ratio of the line C0 to the line 0Q is as the ratio of the line 
LT to the line TM, and so, if we compose, then convert (and) then invert (19) 
the ratio of the line 0C to CQ will be as the ratio of the line TL to LM. Also, 
since angle Q is equal (20) to angle M and angle QDE is equal to angle MtF, 
which is on are MKF, and similarly (angle) EDC is equal (21) to angle FtL, 
then the remaining angle DCQ of the triangle DCQ is equal 10 the remaining 
angle tLM of triangle tLM and (22) the two triangles are similar. Thus the 
ratio of line CQ to line CD is as the ratio of line ML to line Lt. and ex aequali 
(23) the ratio of line 0C to line CD will be as the ratio of line TL to Lt. Now 
the ratio of line DC te line CE (will be) (24) as the ratio of line tL. to LX since 
the two triangles DEC, tXL are similar, as we proved, So ex aequali also (25) the 
ratio of line OC to line CE (will be) as the ratio of line TL to line LX. Thus, if 
we separate, the ratio of the line BE to (26) the line EC is as the ratio of the 
line TX to the line XL: but, the ratio of the line CE to the line ED is as the 
ratio of the line LX to the line Xt, (27) Thus, ex aeguali, the ratio of the line 
0 to the line ED will be as the ratio of line TX to line Xt. Now the line 0E 
(28) is equal to line DS, 1 mean line DB, since D is the center of the circle, and 
the ratio of line BD to line DE is as the ratio of line (29) TX to Xt. Also, since 
angle AZB equals angle TKP, and the right angle ZBD is cqual to the right 
angle KTP the remaining angle BdZ, 

(13911) 1 mean angle DdE, is equal to the remaining angle TPK, [ mean 
angle X['t, since the two of them (2) are opposite (i. e. vertical angles); and, 
the angle dED is equal 10 angle l'EX so the remaining angle is equal (3) to the 
remaining angle, so the two triangles ED, tPX are similar. Thus the ratio of 
line ED to line Dd is as the ratio (4) of line 1X to XT and ex aequali also the 
ratio of the line BD to the line Dd will be as the ratio of line TX (5) to line XT. 
So, if we separate, the ratio of the line Bd to the line dD will be as the ratio 
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Fig. 12 (for 1 


26) 


to BZ is as the ratio of the line HT (29) to the line TK. Thus we construct 
on the line HTK an arc in which falls an angle equal to angle AEW, 
(138*:1) and let it be are HLK. and we complete the circle HLKM and make 
the line LTM perpendicular to the line HTK. (2) We draw the line DE and 
produce it in a straight line in both directions and make the ratio of the line 
DE to the line EN equal to the ratio of the line (3) LT to the line TM. Similarly 
the ratio of the line DS to the line SO equals the ratio of the line LT to the 
line TM. Now we make (4) the are KF s0 that the angle on it is equal to the 
angle DEG, and we make the angle EDC equal to the angle on the are LF, 
and we make (5) the angle EDQ equal to the angle that falls on the are MKF. 
We draw the line NR parallel to the line DC, (6*) and at the point E we draw 
the line CEQ so that there results from it the line YQ equal to the line DO. 
We have shown how to do that (7) in many places, and it may often happen 
that we do not need (for this purpose) to resort to conic sections. Then we 
make angle LMt equal (8) to angle DQE and join lines tK, tF, tL, tH. 
We make the line WBZ tangent to the circle (9) and the angle ABZ equal to 
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(6) way of measurement and the way of 

Archimedee, Thäbit, and Tbrähim ibn 

Sinän, by which it appeared that the 

two (parabolic) sections (7) ABD, BGE 

are a third of the triangle ABG. exactly 

rather than only approximately. By 

the method of adding the triangles, by 

calculation (8) it is not possible that 

we are led to truth at all, since there 

are infinitely many triangles, and bet-  G! A 
ween the method which is only (9) Fig. 11 (for 138r: 2) 

by approximation and of which one 

does not except that it is ever exact and the method which is only exact, 
(10) and which cannot be approximate at all, there is no analogy. And if, 
despite this, I were to come npon a way to measure the parabola (11) by adding 
the triangles as we said, i. e. by adding the fourths and the fourths of the 
fourths and it were written “This is Ibrähim ibn Sinän's,” (12) much less 
Thäbit's or Archimedes”, and it were of extreme precision, 1 would say that it 
is not his but (only) attributed to him. (13) Ibräbïm is above seeking anything 
by this method, so how much more Archimedes. Similar to this, it is my opinion 
about the discovery of the ratio (14) of the diameter to the circumference by 
that method, that it is not Archimedes’ but (only) attributed to him. Archi- 
medes is above (15) seeking the measurement of the cireumference of the 
cirele by this method, and it is like the thing with the measurement of the 
parabola (16) by adding the triangles, and all of this is because of the greatness 
of Archimedes in our opinion and the abasement of that method of calculation. 
(7) So the shaykh should not conclude that between us and Archimedes 
(18) or any mathematician there is disagreement concerning auything, (19) and 
especially concerning what refers to geometry and a geometrie proof, (20) such 
as the barycentrie theorems and that which is known (21) that follows from 
them. As for the problem that was posed 10 my lord the shaykh and is divided 
into cases and (some of which) be solved—(22) may God maintain His support 
and some of which he did not solve, 1 understood it and investigated what he 
solved and what remains. (23) 1 found what he solved to be pleasing and 
thought about the remaining, and so I solved this portion of it, that is if there 
is any angle (24) whatever and any section of a circle. As for when the angle 
is right and the section is (25) a semicircle, then it is e. nd when it is not 
like that but the angle and the section are arbitrary, (26) then let the circle 
ABG, whose centre is D, be assumed, and the line AGE be either the diameter 
of the circle (27) or otherwise, and the known angle AEW be internal or ex- 
ternal, We want to find a line (28) that is tangent to it (the cirele) and termi- 


nated by the two lines AZ, WE, such as the line WBZ, so that the ratio of WB 
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assertion of the superiority of Hipparchos, and bis (Hipparchos) advancement 
(13) and his accomplishment and his fairness and his preference for that which 
is true, says in bis book The Almogest that there occurred in the calculation of 
Hipparchos (14) un error, but he does not intend by that to-degrate bin and 
how could he when he (Hipparchos) is in his opinion the most superior person. 
Similarly (for) the caleulation (15) of the ratio of the diameter to the cireum- 
ference by Archimedes. Although it is not clear to us that this caleulatiou has 
missed the mark, in my opinion, (16*) it is (merely) attributed to Archimedes 
and does not befit him. so if we were 10 say it is not bis work, it would be nearer 
{the truth) and it would be nearer to (17) praising (lim) than our saying that 
it was his, because the opinion (expressed therein) is not his opinion, the pur- 
pose is not his purpose. Archimedes never had (18) as bis purpose any such 
thing as this, neither in The Sphere and the Cylinder, nor in The Lemmas, nor 
ia other books (19) of bis. We never saw mention of this (book) anywbere in 
his writings, like the mention of the area of the parabola in the preface to the 
Book of the Sphere (20) and the Cylinder, along with the mention of some of 
his (other) derivations. Neither did he use that in some theorem, since (21) it 
is clear that that method does not lead to the truth at all. Rather it is an 
approximation and his purpose always is to discover (22) knowledge of things 
exaetly — not approximately, such as the discover of the ratio between the 
square and the parabola, (23) and between the circle and the spher:eal surface, 
and between the sphere and the cylinder and the cone, ete, (24* ) an exact 
discovery and not approximate. Also, this (method of) calculation (in Measu- 
surement of the Circle) although it is impossible that it is ever exact, is not 
(25) very fine, since its caleulator did not revert to chords liner than the chord 
of four degrees less one-Fourth, (26) and this is very coarse compared to what 
is done in the Almagest since Ptolemy reverts to a chord approximating half 
(27) a degree, which is much finer than this by quite a bit. Because of (all) this 
1 say this (work) is (merely) attributed to Archimedes and this calculation (28) 
is, in my opinion, not like a work of Archimedes. And it is not a work of pro- 
ficient caleulators or astronomers either, so that if (29) we were to ättribute 
this derivation to one of our companions, he would not be pleased by it, much 
less glory in it, since this is like a work 


(138':1*) of one who seeks the area of a parabola from the collection of 
triangles in it that are constructed on its diameters (2) by adding the fourth 
and the fourth of the fourth. For example, the triangle that is on the diameter 
of the parabola is first ABG, (3) and next the two triangles ADB and BEC, 
which two are a fourth of the triangle ABG, and similarly (we construct) the 
succeeding triangles, (14) which are a fourth of the fourth, and they proved 
that, And whoever adds the fourths more (times), I mean the triangles that 
are in the parabola (5) as we described, he will be finer (in his approximation) 
and nearer to the area of the parabola. But what a difference between this 
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of nine 10 twenty-eight, it is a consequence of to things, one of them a geome- 
trical theorem about which there is no doubt (20) and the other is that arran- 
gement, ordering, and natural thing of which we are not s0 certain as we are 
of a geometrical proof. (21) For this reason we say that the ratio of the diameter 
to the cireumference being like the ratio of a straight line to a (straight) line 
ox a number (22) to a number is without a geometrical proof, since we hesitated 
how we could be certain of it. As for this ratio being equal to the ratio of nine 
(23) to twenty-eight this is uncertain until a geometrical proof is established 
for the soundness of this, the evidence for which (24) is the arrangement and 
the natural matter, or (until one is established) for ite falsity, or for the falsity 
of one of its consequences. i. e., that its ratio is as the ratio of nine (25) to 
twenty-eight. Now if one were to establish a proof for the falsity of its conse- 
quence that would be astonishing, because it would be a proof of (26) the falsity 
of that ordering and arrangement and of this one being an exception to the 
arrangement of the five for which a proof was furnished, (27) as if it is in a 
natural arrangement, and more astonishing than that that there should be 
error in it that escaped the people whose (28) trust in certain things is on 
account of the natural matter, in contradistinction to the geometrical proof. 
In his opinion the reason becomes clear (29) for my dificulty in proving it up 
10 now aince it is an indication that it is not due 10 my inability but the thing 
(13721) in itself is incorrect, non-existent, and it is for this (reason) we say 
that the result is in suspension. Now we had written to him (2) before that, 
“What is the path to the discovery of the ratio of the diameter to the cireum- 
ference ?”, and 1 said that it was not among the totality (3) of the barycentric 
theorems, all of which are by a geometrical proof, that we may come to grips 
with it and demand of it what one would require of it in terms of (4) the soun- 
duess of its premises. By premises 1 mean the theorems to which it reverts. 
Furthermore, the shaykh wrote that if the ratio (5) of the diameter of a cirele 
10 its circumference is equal to the ratio of a number to another number, and 
particularly to the ratio of nine to twenty-eight (6°) that would be amazing. 
He said, “More astonishing than that is the discrepancy between it and what 
Archimedes has set forth”, I understand that, but the matter is not as (7) he 
fancied, and (indeed) there never was disagreement between auy of us an 
Archimedes. That cannot be, because 
the things of which their knowledge is through opinion, dogma, an likelihood 
as it was between Aristotle (9) and Galen and other physicists in the matters 
of the psyche, and the conditions of the faculties, and similar things. (10) As for 
the things that refer to geometry and arithmetie they name “erroneous” that 
which is erroncous and (identify) negligence (11) where negligence occurs, for 
they know that disagreement quickly disappears when they look into it. 
Error in arithmetie, when it oceurs, (12) is not strange, nor does it indicaer the 
inferiority of him who commits it. Do you not see that Ptolemy, in spite of his 
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(propositions) that need to be postulated as my lord the shaykh thinks; but I 
mean what our companions mean by this term, and they (26) mean by “pre- 
mises” the theorems to wbich that thing aimed at reverts. Do you not see that 
(when) they say Ibrahim (27) ibn Sinän deduced the area of the parabola 
without a premise they mean without any other theorem to which it reverted. 
and (when they say) that Thäbit (28) ibn Qurra deduced it with such-and-such 
a premise they mean those theorems to which the thing aimed at reverted, 
(29* ) and (when) Ptolemy says in the Almagest that Apollonios made u pre: 
mise for this, be means by it the theorem that 


(137:1) was made before the theorem by wbich is known the situation 
(station) between the retrogradation of the planets and their forward motion, 
and the examples of that are many. (2) So it is evident they mean by premises 
only the very theorems to which the theorem reverts, not as the shaykh thinke, 
(3) and thus was my intention by the premises of which L wrote to him. No- 
thing else came to my mind, and for this reason I inquired when 1 saw (4) in 
his writing mention of “the generally accepted premise”— on which neither 
our companions nor we relied, nor is it (5) used in our science as it is used in the 
science of others. So, since the affair is thus, the notion that (6) a generally 
accepted premise is (used) in the science of others is néarer (the truth) than 
that it is used in our demonstrative science. As for the centers (1) of gravity 
of the six figures ahout which I wrote to my lord the shaykh, 1 said that they 
are arranged in a marvellous order (8) of numerical ratio, and I made a chart 
for them, and I ascribed them to an arrangement of deeds of the Creator, 10 
Whom belong might and majesty. And my lord says (9) that if it is like that 
then it is a beautiful arrangement, as though a natural matter. We found all 
of it by a geometrical proof, (10) except that for the centers of gravity of five 
of them we found after their discovery, that they really did oceur according 
to that arrangement (of) which (11* ) we wrote to him, by a geometrical proof, 
while (for) one of them, the semicirele, after the discovery of its center of 
gravity, (then) by a geometrical proof (12) we endeavored to inquire whether 
its center of gravity oceurred on the diameter at that point which that arran- 
gement indicated for it (13) or not. However up to now a proof of it has not 
been furnished, as had been furnished that the five are arranged according to 
that ratio, (14) except, in all liklihood and almost certainly, that that one is 
also in this arrangement (seems) nearer (the truth) than that it is an exception 
(15) to it. because of the arrangement and the natural matter, If, up to now, 
the proof of it has been impossible . it is due only 10 its distance (16) and its 
obeeurity from our knowledge, and we attribute that to our weakness in this 
art and our need of greater power than (17*) that (we have) to manage a proof 
of that as we managed for the five cases and (that of) the ratio of the diameter 
to the circumference being equal to the ratio (18) of a straight line to a straight 
line or a number 10 a number. As for this ratio (19°) being equal to the ratio 


60 Je Le BERGGREN 


plained about centers of gravity and have given a proof of it. And ss for his 
pointing out (136*:1 ) thac this premise belongs to the category of those 
{premises) generally granted, if he means that it was generally granted by the 
ancients, who were (2) before us and investigated this science, then “Yes”, but 
if he means that it was granted by us, then “No”, since we proved it. (3) By 
our proof it left (the realm of) premises. whether necessary or otherwise. 
There oceur in the totality of geometrical theorems (4* ) (such statements) 
as the statement that two sides of a triangle are longer than the remaining side. 
That was a necessary premise (5) according to Archimedes, since the knowledge 
that the shortest line j the straight line (6) was necessary in 
his opinion and up to the time of Euclid, but when Euclid proved it it was 
removed from the totality of premises (7) and was transferred to the geome- 
trical theorems and for this reason it was not (simply) a generally accepted 
premise for Euclid or the people who (8) came after him who investigated his 
proof, even if it had been considered so for those who came before him. Thus 
the ratio of weight (9) to weight. according to what we have described, is not a 
prémise for us or for the people who will come after us and who will look into 
the proof (10) that (we gave) for it, even if it was (considered) a premise by our 
predecessors since there was no proof for it, as we know. (11) Since we dis- 
covered the proof of it, it was removed from the realm of premises and was put 
into the realm of theorems. Since the matter is (12) thus, there is neither here 
a generally accepred premise. in any way, nor in any other place at all, (13) and 
we never assumed a premise for ourselves in anything, but proved it, for how 
could this be since our knowledge is so extensive as not (14) to need any gene- 
rally accepted premise, neither is this oux wont nor that of our companions. 
Indeed, how (15) could that be allowed, in our opinion, since a generally accep- 
ted premise might be false and wbatever is deduced from the false is false, 
(16) How could we rely on a premise which is of this sort according to us? 
When was that? Where is it found? What place and in what (17) theorem? 
How could we use a generally accepted premise in our demonstrative sciences 
n our opinion, whatever is deduced from a hundred (18) premises, 
ninety-nine of wbich are necessary like the necessary ones of Euclid and one 
af which is generally accepted, (19) will follow that one and not the ninety-nine. 
How could we use a thing when (20) we consider it to be 
described. As if the necessary ones of Euclid did not suffice us in our science 
(21) and we want more than them and their consequences. No. It is nothing 
of that (sort), nor is a generally accepted premise used in our scieuces. (22) But 
if he means by “generally accepted premise" those necessary ones themsclves, 
as some people do, then this is a matter for discussion between us (23) and 
them. As for the premises that I mentioned in my writing, and to which I said 
reverts the discovery of the center of gravity of a segment of the sphere (24) and 
a section of the circumference of a circle and of eurved line and that the curved 
line is equal to a straight line, and the like, I do not mean (25) by premises 
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him, that the area from (4) the place of suspension to the line AB must incline. 
(5*) (Here is) a demonstration for that. The center of gravity of the cquilateral 
triangle ABG, (6) which he does not doubt is (7) its (the triangle's) middle 
(point), let it be D. Dis in the place (8) x 

where the ratio of the line ED to the 
line AD (9) is equal to the ratio of one 

40 two and this is clear: s0, if we com 
pose, the ratio of the line AE to the line 
AD is equal to the ratio of three to 
(10) two. Hence, the ratio of the square 

of the line AE to the square of the line 

AD is equal to the ratio of nine to four, 
But the ratio ofthe square (1l)of AE G' 
to the square of AD is equal to the ratio 

of triangle ABG to triangle AZH when 

the line ZH is parallel to the line BG (12) because the two triangles ABG, AZH 
will be similar. Thus, the ratio of triangle ABG to triangle AZI is (13) nine to 
four. So, if we subtract, the ratio of the trapezoid ZBGH to triangle AZH is 
equal to the (14) ratio of five to four, so these two are not equal. Rather, the 
area of ZBGH, the trapezoid, is greater. Despite (15) this, the center of gravity 
of the two of them taken together is D, and (so) it is the (proper) place (16) of 
suspension without doubt, since triangle ABG (17) is equilateral. So, if someone 
thinks that when (18) the place of suspension is at the point D it (the triangle) 
inelines to (19) the side BG, since the area in the direction of BG, (20) i.e., the 
trapezoid, is larger , it would be a mistake, and that is what we wanted to 
show. (21) Clearer than this is that if someone were 10 consider a piece of wood, 
on whose top is a piece of iron, such as an axe for example, and it were 10 
balance (22* ) parallel to the horizon by some attachment, he would see that 
{it does not incline) either in the direction of the iron (which) is perhaps nearly 
a rail or in the other direction (23) (though it be) not even an oke. He would 
know that experience is contradictory to the thought (he had), and (so) it 
will not oceur to him about other objects that, the place of suspension (24) 
being in the direction of the larger (weight), it is necessary that there be an 
inclination. And it is clear that experience in what he sees is conformable to 
the premise (25) without doubt. So, if the matter is thus, it is certain that the 
premise which the ancients used about centers (26) of gravity does not need a 
condition or limitation relative to place, since (if) any two weights remain in 
whatever place theyare, (27) then the ratio of weight to weight is inversely as 
the ratio of distance to distance with respect to the three centers of gravity, 


É 
(0 (for 136r: 5} 
alabelled *D** as #G%7, 


(28) 1 mean the center of gravity of the two of them together and the center 
of gravity of each of them. Now in epite of its not needing condition or limita- 
tion (29) it cannot avoid needing a little explanation, but I have already ex- 
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are equal, and that is what we wanted to show. (7) Then my lord, the shaykh, 
said that he thought ahout the premise used in centers of gravity, that the 
ratio of the weight (8) to the weight is inversely as the ratio of the distance to 
the distance. and that he found it in need of a condition and limitation accor- 
ding to (9) the place and the figure, since if these two are used unrestrictedly 
there befalls it (the premise), along with the lack of restriction, something that 
spoils it, As an example of that, he made (10) a parallelogram. So J inquired into 
it and his intention, and, by my life, (the fact) that the ratio of weight to 
weight is the ratio (11) of distance to distance inversely was a premise for the 
ancients, and like one of the necessary parts of knowledge (i. «., “essential 
assumptions”) in their opinion (12* ) and in the opinion of those who inves- 
tigated the science of centers of gravity, such as Archimedes and Euclid and 
other mathematicians so that (13* ) it ultimately got to Thäbit ibn Qurra and 
+0 this, our own time. They did not doubt it but we do not know if its validity 
was, in their opinion, (14* ) by trial, and it was taken from the senses, as Abû 
Sa°à al-‘Ala” b. Sahl thought, or if there was a proof of it which has (15) va- 
nished with the length of time, as other people think; but (whatever is the case), 
a premise of this description and standing (16) in their opinion, and which has 
now been proved, how is it possible that testing could spoil it, as my lord the 
shaykh thinks in (17) the matter of the two equal parallelograms ABGD, 
LMNS as he déscribed it? He said 

that since it is necessary from (18 ) D) 

this premise that the center of gravity 

of the two planes ABGD, LMNS taken à 
together is in the interior of the plane 

NLMS, as the point F, (19 )andif we 


make on the point F a strap, and we 

raise by it the whole ofthe twa planes, N 
it does not stay parallel to the plane of S 

the horizon but (20) inclines to theside A 


AB. He thinks s0 because the area in 
the direction of AB is bigger than the 
area in the direction of (21 ) MN. and on account of that it occurred to him 
that what the premise necessitates, that the plane is parallel to the horizon 
and does not incline 16 (22) one of the sides, is then opposed to what the trial 
necessitates. For this (reason) he says it needs a condition and limitation. But 
hy my life, 
(136":1) if (actual) test were consistent with the thought (he made) the pre- 
mise would indeed be destroyed aud would need a condition and limitation: 
(2) however, the affair is not thus, since, if he had inquired extremely closely 
into that and tested it according to his ability, he would have found (3) the 
itest conformable to this premise and opposed to the thought that occurred to 


Fig. 9 for 135%: 17) 


THE CORRESPONDENCE OF AL-KUHI & AL-SABT 57 


OE 


Fig. 8 (far 135r: 16) 


Then in the circle G there is a regular polygon greater than the area D, as (21) 
Archimedes proved, Let it be the figore EZHTK. Then the ratio of the square 
A to the area D is greater than its ratio to the figure (22) EZHTK since 
the area D is less than the figure in the circle G and the ratio of the 
square A 10 the figure EZHTK (23) is as the ratio of the cylinder whose base 
is the square À and whose height is the line B to the cylinder whose base (24) is 
the figure EZHTK and whose height is the line B, since their bases are poly- 
gons. There is no disagreement about it since Euclid (25) proved that. Thus 
the ratio of the square À to the area D, which is equal to the ratio of the cylin- 
der whose base is the square À and whose height (26) is B to the cylinder 
whose base is the cirele G and whose height is B. is greater than the ratio of the 
cylinder whose base (27) is the square À and whose height is the line B to the 
eylinder whose base is the figure in the cirele and whose height is B. (28) So the 
eylinder whose base is the figure in that circle and whose height is the line B 
is greater than the cylinder whose base is the circle and whose height is the 
line B) and this situation is impossible, (29) since the whole is not less than 
the part. And if the plane D is greater than circle G then there is a polygon 
(135*:1) around the circle less than the plane D, as Archimedes proved, 
and in this case it happens that the cylinder whose base is (2) the cirele G and 
whose height is the line B is greater than the eylinder whose base is the figure 
surrounding the circle and whose height is B. (3) This situation is also 
impossible since the part is not greater than the whole. And if the ratio of the 
square cylinder to the (4) cireular cylinder is not equal to the ratio of its base 
10 an area that is cither greater or less than the cirole that is the base of the 
other cylinder, (5) then it is equal to the ratio of the square to the circle. Thus, 
the ratio of the cylinder whose base is a square to the cylinder whose (6) base 
is a cirele is equal to the ratio of the square to the cirele when their heigbts 
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If he doubts this, then let him doubt the other, since he cannot make a dis- 
tinetion between them in (27* ) this regard. Or, let him revert to the book by 
Euclid and examine the proof he gives that (28) the ratio of two eireular cy- 
linders, the one to the other, is as the ral of the base to the base, and 
similarly the ratio of two square cylinders. (29) [s that proof valid for two 
cylinders, if one of them is cireular and the other square, or not? And if 
(135':1*) the shaykh had looked into that and considered it he would have 
found the matter to be just as we described it, since the proof of Euclid reverts 
to taking multiples. the first (2) and the third an equal number of times with 
the second and fourth. It is like his proof about parallelograms and triangles, 
(3* ) that the ratio of one of them to the other is as the ratio of the base of the 
one to that of the other. In like manner, since Euclid says that (4) the ratio 
of cylinder to cylinder is compounded of the ratio of base to base and the ratio 
of height to (5) height without exception, then, if the ratio of height to height 
is the ratio of equality (and) if we then eliminate that ratio, there remains the 
ratio (6) of cylinder to cylinder as the ratio of base to base in whatever shape 
itis- cireular or square or (7) one of them a circle and the other square, or some 
other figure than that, Thus, if the shaykh says that the matter is not thus, 
since if it were (8) as we say it is, Euclid would have mentioned it in his book 
by way of comment, so when Euclid says nothing about it, we know that the 
matter is (9) different from that. Then we say, in answer to that, that perhaps 
Euclid omitted a comment like this because he did not need it for his purpose 
(10*) even if it is allowed in the proof, as in the first theorem of the tenth 
book, in which he proves that when there is separated from (11) the larger of 
two maguitudes more than its half, and from the remaining more than its half 
and from the remaining more than its half, and that is done (12) continuously, 
then ultimately a quantity will be reached less than the smaller (of the two 
quantities). This very same proof allows that if there were separated from 
(13) the greater of two quantities its half, aud from the remainder its half and 
(we proceed) like this continuously, then eventually a quantity would be 
obtained less than the smaller quantity, (14) But he did not mention that 
since he did not need it for his purpose, and the shaykh knows that. And if, 
after this, he says, “Leave all this and give (15) the proof that the ratio of a 
cireular cylinder to a square cylinder is as the ratio of base to base,” (16*) 
then I say, “1 hear and I obey.” The proof of that: If the ratio of the square 
eylinder, whose base (17) is the square À and whose height is the line B, to the 


vireular cylinder, whose base is the cirele G and whose height is the same 
line B, (18) is not as the ratio of the square A to the circle G, then let 
the ratio of the square cylinder to the cireular cylinder be (19) as the ratio of 
the square À to another area, and let it be D. The area D is larger or emaller 
than the cirele G, so let it first be smaller (20*) than the circle G, if possible. 
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straight line than the cireumference of the circle is from it, because the parts 
of the cireumferonce of the cirele fit (3) on each other and he cireumference 
of the parabula has no such property, and this circumstance separates the 
cireumference (4) of the parabola further from the straight line than (it sepa- 
rates) the cireumference of the cirele from it. So, with gréater reason, since the 
parabola is not of (5* ) the kind of the square according to this then two are 
not equal. But despite this we find a segment of a parabola is equal 10 a square 
(6) by a proper proof: frstly, from the mention of Archimedes in the preface 
to the Book of the Sphere and the Cylinder that he had found it and next (7) in 
the proof of Thäbit ibn Qurra and the proof of Ibrâbim ibn Sinän and the 
proof of Abü Sa‘d ibn Sahl and other (8) mathematicians who relied on proper 
proofs, and there is no disagreement about this among people (9) who are 
acquainted with the contents of the geometrical theorems, It is because of this 
Lsay that Lam astonished at whomever is acquainted with the contents of the 
geometrical theorems. (10) As for those who know nothing of these it is no 
marvel, but my amazement is at their pronouncing judgement on things in 
contradiction to what (11) geometrical proof shows, since I see them as people 
who pass judgement on the theorems vf Archimedes and the theorems of 
Apollonies and on (12) what follows from them apart fram it without know- 
ledge of these theorems on their part. As for my saying that the ratio of the 
cireular cylinder (13) to the square eylinder is as the ratio of the base 10 the 
base when their height is the same, (14) I said this without explanation since 
this, in my opinion, is too clear to need an explanation. The proof: What we 
mean (15* ) by any kind of cylinder is simply a solid that is (formed) from the 
product of the base of each of the two with the height of cach of the two, and 
so if there were (16) two level, plane figures. of any shape whatever and if the 
ratio of one of them to the other is not known (17) in any way at all, when we 
give to both of them some straight line as a common height — just as we do 
between (18) two lines — then always the ratio of the product of one of the two 
(ligures) by that line, i. e. one of the two cylinders, to the product of the other 
figure (19) by that very same line, i.e,, the other cylinder, is as the ratio of one 
of the two figures to tbe other. And we do not consider the shape of the base 
of them, (20) beyond their being level, just as we do not consider (for) the 
bases of the two parallelograms, if (21* ) the height of the two of them is 
equal, the type of their ratio — if they are unknown or known, rational or irra- 
tioual, or if one of them (22) is irrational and the other is rational, or more 
exotie that that — once they are two straight (lines), just as when it is (the 
case of) two plane (surfaces). And the shaykh, (23) just as he does not hesitate 
10 accept that, in taking the common height between two straight lines, be 
(24) the sort of ratio between them, unknown, doubtful, or known, so he must 
not doubt about taking the common height (25) between two level planes when 
one of them is a cirele and the other is a square, that this is sound, since the 
state of the ratio between them (26) is no worse than unknown or doubtful. 
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existent ratio, according to the sense in which we use it, how could it not be 
known between the circle and the square (8) while each of them is known. If 
two magnitudes known then indeed the ratio of one of them to the other (9) is, 
in our opinion, known — as Euclid proved in the first theorem of The Data. How 
could it not (10) be known, when we are able to find a cirele equal to a cirole 
and a square equal Lo a square so that, if we exchange (middle terms), (11) the 
ratio of the cirele to the square will be as the ratio of the cirele that we found tu 
the square that we found. (12) And with respect to every Lwo quantities there 
exist two quantities in the ratio of the two and so the ratio of one of them 10 
the other is known, as Euclid mentioned, (13°) also. This sense of “known° is 
not from the point of view of quantity, and so because of this the chord of one 
degree, (14) 1 mean one part of the three hundred sixty parts of the cirole, is 
knowa in the opinion of whoever divides the augle (13) into three equal parts 
since he found it (the chord), and whatever it is possible to find is, in our opinion, 
known. Yet, that very same chord (16) is not known according to Ptolemy and 
the astronomers since by “known” they mean its measure relative to the 
diameter and 0, when (17) we find one and the same thing “known”, in the 
opinion of some people, according to one sense, and “unknown”, in the opinion 
of others, according to another sense, (18) then we kuow that “known' has two 
senses, aud similarly ‘known rati Clearer than this is that if there were a 
Straight line (19) postulated on wbich any point whatever falls theu the ratio 
of each of the two sections to the other (20) is known. in our opinion, since each 
one of the two of them is known, even if we de not know if one of them relative 
10 the other is bigger, (21) or smaller or equal. But according to them what is 
like this is not knowa since by “known” they mean the measure of the thing 
(22) and by “known ratio” tbe measure of one of the two of them relative to 
the other, as we said. So, the matter being thus. it is clear that if I had (23) said 
that the ratio of the cireular eylinder to the square cylinder is known in this 
sense, or (that) the ratio (24) of the circle to the square is known, it would 
(till) have been permissible; but, I avoided saying that s0 there would be no 
uncertainty and no (25) ambignity regarding “known”, which has Lwo senses 
— as if J'understood what would come to the mind of (some) people about this. 
{26* ) I did not use that (expression) since I did not need to use it in the proof 
3 gave that the straight line (27) is equal to the curved line and the area ofthe 
cirele 10 the area of the square. Aud when the matter is thus, (28) it is desirable 
that the sbaykb please examine that theorem once more and ponder it more 
since I am astonished at people (29) who claim that the area of a cirele is not 
permitted to be equal to the area of a square, and that there is no ratio between 
the two of them, and who say (so) sinée the circumference 


(134":1) of the circle is eurved and not of the kind of the circumference of 
the square, and especially at whomever knows the contents of the geometrical 
theorems, (2* ) since the cireumference of the parabola is further from the 
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to that theorem which 1 wrote to (13) the shaykh and examined it, but no 
mention of “known” was in it at all, in any way, and 1 did not say (14) in it 
that between the circular and square eylinders there is a known ratio. nor 
between (15) the circle and the square. 1 said nothing 1 do not have need of 
and I am astonished at his mention of it; althougb, (16) had I said it, it would 
have been permissible according to our companions, since we say of a certain 
magnitude that it is known when it is possible to find an equal to it, (17) and of 
two magnitudes that the ratio of one of them to the other is known when we 
are able to find two magnitudes in the ratio of the two, (18) whether they be 
two lines or two planes, although we may not know whether one of them is 
greater than, less, than, or equal to the other. For (19* ) we do not mean by 
this aspect of “known” the amount of a thing, nor by “known ratio” the meus- 
ure (20) of one of them as compared with the other, which is what the algeb- 
raists mean by “known ratio” in number and (21) computation and the astro- 
nomers (mean) in chords and sines — the amount of one of them as compared 
with the other. The ratio that they maintain (22) between the cirele and the 
square, that it is not known or it is known, they mean “known” only from the 
aspect (23) of quantity since they maintain that between the circle and the 
square there is no equality and no ratio, since (24*) they are not of the same 
kind, according to their claim. And we say 10 them “Why is it not permissible 
for there to be a ratio between them, just as there is between (25) the spherical 
surface and the cylindrical surface and between the eonical surface and the 
plane surface (26) a ratio of likeness, and (similarly for) others than these. as 
Archimedes proved in The Book of the Sphere and Cylinder, while the difference 
(27) between these surfaces is most eertainly greater than the difference bet- 
ween the two plane surfaces, one of which is a square (28) and the other a 
ciréle? And if, in spite of this, the square is not of the kind of the cirele accor- 
ding to your claim then it is necessary that none (29) of these surfaces wbich 
we mentioned is of the kind of the other and there is no proportionality bet- 
ween them, and yet 


(34:1) between them there is a proportionality and an equality. Archimedes 
has proved that, so why is it not permitted that there be between the circle 
(2) and the square something like that, even though they are not of the same 
kind according to your claim, (where) we mean by “known ratio” a quantita- 
tive ratio? (3) Thus they cannot mean by their doctrine that there is no ratio 
(of any kind) between these two since they are not both of the same kind, and 
that if there were (4) it would be found, (for then it would be) as if they do not 
understand our doctrine, or they doubt Archimedes proof, or they believe 
that every ratio (5) that exists between two magnitudes can be found. If they 
believe that, how ridiculous! Thus it is clear that they intend their statement 


that the ratio (6) of the square to the cirele is not known (to be taken in the 
sense of) quantitative ratio, not an existent ratio just as we said. As for (7) the 
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and the angle ABD is known se the 
triangle (16*) ABD is known in form. 
Thus, the angle D is known, and we LV 
may produce from G the line GT 

at an angle equal (17) to the angle D so 

that the position of the line GT (18) 

is known. Then we produce from the 
center E a perpendicular (19) onto the 

line TG, vamely EH, so it will be (20) 
known in position and it will be termi- 

nated at the point (21) Z, so the point 

Z is known. (22) This proof is more 
general since it accomplishes both cases 

(23) together. À third case: If the line 

AB is not tangent to the circle, but rather disjoint from it (24) and the line 
BD either passes through the center or does not pass throught it, but, it does 
bound with the line AB a known angle, (25) namely angle B, then how will 
we find the tangent line, namely AZD in accordance with the known ratio? 
A fourth case: (26) If the line AB is a secant of the circle and the line BD 
either passes through the center or does not pass through it, but it bounds 
with the line AB (27) a known angle, namely angle B, how will we find the 
tangent line, namely the line AZD, according to the known ratio ?(28) He will 
have the goodness to show me the way to the derivation of these two cases, 
God willing, for it is difficult for me. (29) The letter has ended and praise to 
God, Lord of the Worlds. 


(133":1) The answer of Abü Sabl al-Qühi (sic) concerning the writing of Abü 
Ishäq al-Sabf (2).The writing of my excellent lord the shaykh arrived answering 
my two writings, the one, in which was the premier theorem of (3) one of the 
chapters of centers of gravity, and mention of the two cylinders, the circle and 
the square, (4) and the other, in which was mention of the discovery of parti- 
culars of matters of centers of gravity, and the description of the way to the 
discovery of the ratio of the diameter (5) to the cireumference. I rejoiced first 
of all at his good health that it showed, and I praised God for it and asked Him 
for its continuance (6) and the increase in it. In it he wrote he doubted the 
premises that Lused were sound, that (7) the ratio of the cireular cylinder to 
the square cylinder is known, it being necessary for that, that (8) the ratio of 
the buse of one of them, a cirele, to the base of the other. a square, is known. 
“By my life, the ratio of (9) cylinder to cylinder is as base to base if the 
heights are equal but (10) that is true only of cylinders of the same kind, i. e. 
that are both cireular or both square. As for the cireular (11) and square, the 
ratio between these two is unknown.” J understood that and know that doubt 
(12) in the right place is better than certainty in the wrong place, and I returned 
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precedes them, in order that 1 might share his certainty as well ns the climina- 
tion of doubts (21) and the objections of the adversaries, L hope that he will be 
so good and comply with my wishes for that, one-by-one, (by) the excellence 
of his grace, and (22) his benefit to me will be complete. Thus he knows, may 
God support him, that these things are magnificent and of great significance, 
aud when (23) the geometers bear of them they will wonder and desire to know 
the true state of affairs. Confidence in these things will not come about except 
with (24) the security of the premises from doubts and objections, and 80 for 
this reason I ask that be send them to me, (25%) in order, from beginning to 
end. À problem was presented to me, may God support the shaykh (who pre- 
sented it), divided into cases, (26) some of which he elucidated and others of 
which he did ot. and 1 will explaie them «0 that he may consider them aud 
make me learn the way to the deriva- 

tion (27) of the remainder of the cases 

and send his views on it. May God not 

deprive me of his existence and benefit Z 
from him. (28) The circle BG is assu- 

med and a line BA tangent toit at B 

and the line BGD isits diameter and € 

the point E (29) its center and we want 

ta find a line tangent to it, termintated 

at the two lines AB, BD as the line 

AZD, s0 that the ratio Fig 6 (for 132: 28) 


(38:1*) of AZ to ZD is as a known ratio. The analysis: Since the ratio of 
AZ to ZD (2* ) is known the ratio AD:ZD is kaown by composition. But it is 
as the ratio of the product of AD by DZ to the square (3) of ZD, so that the 
ratio of the product of AD by DZ to the square of ZD is known. We draw ZE, 
so the angle Z is right, and similarly (4) the angle B is right, so that the points 
AJZE,B are on the circumference of a cirele. Thus, the product of BD by DE 
is equal to the product of AD by DZ and so the ratio of the produet of BD by 
DE to the square of ZD is known. Also (5) the square of ZD is equal to the 
produet of BD by DG, so the ratio (6) of the product of BD by DE to the 
product of BD by (7) DG is known. and it is as the ratio of DE 10 (8) DG since 
BD is a common height. Thus, (9) separando, the ratio of EG to GD is known, 
(10) and EG is known, since it is balf (11) of the diameter, and s0 the line GD is 
known. Thus the point D is known and bence the position of the line DZA is 
known. (12) Another case: If the line BD is not « diameter for the circle, (but) 
rather it is a chord in it that bounds, along with the tangent line AB. (13) a 
known angle, namely the angle ABD. and we desire that the ratio of AZ to ZD 
is as a known ratio, (14) then. by analysis, the ratio of AZ to ZD is known (sc), 
when we compose, the ratio of DA to AZ will be known. (15) But AZ is equal 
to AB, since they are both tangents, (and so the ratio of) DA to AB is known, 
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the sum of the two planes, it will not happen that the two are parallel to the 
plane of the horizon. (27) Rather, the side that is near the line AB is heavier 
than the side that is near the line NS, and the figures and positions are (28) 
considerably at variance. So how (can we find) the way to guard against that, 
and is the use of this premise permitted (29) unrestrictedly with the variance 
that has appeared in it? He will be so good as to inform me what he thinks 
about that, God willing. 


(132*:1) There came to me some of his news about his trip to Wäsif, so that 
L was much delighted, and I told myself that he (2) would come to Baghdäd so 
that I will enjoy the sight of him and meeting with him and the benefit from 
him and conferring with him about these matters (3) and others in person. 
And when the victorious army arrived 1 asked Abü Shujä* Shabribän ibn 
Sirkhäb (4) and he informed me of his (Abü Sahl'<) return 10 Basra and he 
explained to me about his affairs and the affairs of the Qädi Abû AIS Ribäs ibn 
Barnâs. (5) which reassured me except for a feeling of desolation at postponing 
the meeting, and the difficulty of its realization is still lingering as it was. God 
will protect both of them, (6* ) near and far, with His mercy. When I had 
finished my writing up to this place, bis composition came to me from (7) Abü-I 
Mufaddal al-Ansäri. Î understood it and was reassured by his health that it 
showed. I praised God for it (8) and asked Him for its continuance and its 
increase. I studied the discovery he mentioned he had dedueed of the center 
of gravity (9) of the triangle and its solid the cone, and the discovery of the 
center of the parabola and its solid and the discovery of the center (10) (of 
gravity) of the semicirele and its solid, the hemisphere, and 1 marvelled greatly 
at it and at the matter that appeared in it, (11) like something natural in the 
necessity of that suecession and arrangement that be explained and showed. 
And my excitement doubled (12) at the magnificent gift in it, and by God, he 
never saw the like of himself and we cannot hope to see his like, It pains (13) 
me that the (present) time and its people do not give him his due. Who will 
grant to me that some town will bring bim and me together in the remainder 
of my life, (14) so that L might occupy my time with him and with bonefit 
from him ? Then I attended to all he mentioned about the discovery (15) of the 
center of gravity of a section of the cireumference of a cirele and the proof 
that the ratio of every are to its chord is as the ratio of half (16) the diameter 
of the éirele in which it is to the line joining the center of the circle and the 
center of gravity of that are, and the discovery (17) of the ratio between the 
diameter of the cirole and its cireumference, that it (the ratio) is as the ratio of 
a number to a number, I mean the ratio of nine (18) to twenty eight. This is 
astonisbing, but more astonishing is the difference between it and what Archi- 
mwedes sets forth, and (19) he (Abü Sahl) has mentioned that there are funda- 
mental principles and premises for all that, on which he built. For this reason 
1 am greatly in suspense (20) that 1 might know their consequences and what 
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place of doubt such as appeared Lo me iu the matter of the ratio between the 
ireular cylinder and (3) the square oylinder, The shaykh assumed the detailing 
of that to a great extent in the first chapter, then the second, then the third, 
one- (4* ) by-one until the end uf the book. 1 considered the premise used for 
the ceuters of gravity, that the ratio of weight (5) to weight is as the ratio of 
distance to distance inversely, and I found it in veed of some condition or 
limitation depending on the posil 

unrestrictedly, there appears in it, 


on (6* ) and the shape, since, if it is used 
with the generality, something that spoils 
it. An example of that: If we (7) lay down two planes ABGD, GDEZ, equal 
to each other und having right angles. 
and if AB is greater than AE and AG 
the equal of GE and the side (8) GD co- 
mmon to the two of them. and(if)the 
center of gravity of the plane ABGD 
is the point H and the center of gravity 
of GDEZ the point T (9) aud if we want 
the center of gravity of the sum of 
these two planes, . e. ABEZ, then if we as 
join the two points H, wi 1e Que Les 

ssigbtlbe Kbichis de A diese RE MO Er ter EE 

st + positions of the letters on line HO, 
itinto we halves so that the division 

falls on the point K, which (11) is on the middle of the line GD, then the point 
K will be the center of gravity for the sum of the two planes, That is because 
(12) the division of the distance between the two centers at its half is in the 
ratio of equality and the compensation and the non-compensation are oue. 
Then. if (13) we fx the plane ABGD in its place and remove the plane GDEZ 
from its place and we put it in the place (14) of the plane LMNS, on the con- 
dition that the line LN is (15) the equal of the line CD and the line LM the 
equal of the line GE (16) and the line LK the equal of the line KM, and the 
point 0 (17) is the center of gravity of the plane LMNS, then we seek (18) the 
center of gravity of the sum of the two planes ABGD, LMNS (19) it is necessary 
that we extend the live HKT to the point O. (20) Then we divide the line HO 
into two halves at the point (21) F, so the point F will be the center of gravity 
of the sum of the two of them according to what the premise necessitates. But 
the point K was already the center (22) of gravity of the sum of the two of 
them, and so the two centers differ along with the difference of the two places 
whereas the two weights did not change from (23) their state of equality. So 
if we require that the center of gravity of the two of them is the first point, K, 
(24) then the point K is not on the middle of the distance HO and in that it 
violates the premise; but, if we require that (25) the center of gravity of the 
two planes ABGD, LMNS is the point F, which is half the distance HO, then 
we imagine (26) that we put on the point F an attachment and by it we raise 
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that most of my research in this matter is but to bring (4) me near to him, and 
so much as he reads me (my works) and is pleased with me s0 will my activity 
he in that, If we do not seek to please (3) him in that (matter) in this age of 
ours whom will we seek to please, and if we do not glory in him then in whom 
will we glory, and whom, in this time of ours, (6) do we and our scientific 
colleagues have in this science other than him. and who except him knows the 
(same) amount of this science? (7) Surely God will prolong hi and will 
continue his grace, May He not deprive me of him, (in) His grace and His 
Mercy. (8) End of the epistle and much praise to God and prayers (9) on the 
Chosen Mubammmad aud bis family, the good (?). (10) In the name of God the 
Merciful, the Compassionate, I rely un God (11) The letter of Al-Säbi to Abü 
Sahl al-Kühi, of whom he asks the view concerning doubts that occurred to 
him about what be derived. May God the Exalted have merey on both. (12) My 
writing. May God lengthen the duration (of life) of the shaykh. As for (my) 
health, may God be praised, the Lord of the Universe. The writing of the 
shaykh arrived some time (13) ago. including the theorem which he made 
about the discovery of a straight line equal to the cireumference of a circle 
and the existence (14) of a rectilineal area equal to the area of a circle, and 
according to it he made his position, and I approved (15) the method he 
followed except I doubted the premise that he used was sound, namely that 
the ratio (16*) of the cireular cylinder to the square cylinder is known. For 
that it is necessary that the ratio (17) of its base. a circle. 10 its base, a square. 
is know». and by my life the ratio of the cylinder (18) to the eylinder is as 
the ratio of the base to the base if the two heights are equal. bnt (19) that 
coucerns two cylinders of one kind, 1 mean if the two are both cireular or both 
square, so that if (one) is cireular and (the other) is square (20) the ratio bet- 
ween the two of them is unknown. Thus if the shaykh has a proof of this that 
has already preceded, or a basie prineiple on which he bas built, be will be so 
good (21) as to present it to me and benefit me by it. Indecd my heart is much 
in suspense over this matter since, may God support him, he knows that the 
ancient (22) geometers died while in their hearts was despair of discovering 
what be discovered, but (it was) impossible (for them), It is with his superiority 
and his high (23) rank that he found what they did not find. Also, my heart is 
in susponse over the knowledge of the things that he derived about centers 
{24*) of gravity. Without doubt they are wonderful, since we did not obtain a 
complete baok un this science, 1 mean centers of gravity, (25) nor was there 
done any satisfactory work by one of the anciente or one of the moderns. In 
my opinion it is in the rank of a separate art, which (26) needs to have a book 
of basic principles. But what I prefer is to dwell on what he deduced one-by-one 
and ehapter- 


(132:1) by-chapter and step-by-step until there comes to me knowledge 
of the basic principles on which it is built and there remains (2) in myself no 
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product of the are BG by the line DE is equal (5) to the square of the line BD. 
Furthermore, since the ratio of the line ZD to the line DB is as the ratio of 
three to two, the ratio (6) of the square of the line ZD to the square of the line 
DB is as the ratio of nine 10 four. Also, the squarc of BD is equal to the product 
(1) of the are BG by the line DE. and (so) the ratio of the square of ZD to the 
product of the are BG by the line DE is as the ratio of 9 (8) to 4. Further, the 
ratio of the product of the are BG by the line DE 10 the product of the are BG 
by the line ZD is as the ratio (9) of four to nine and a third since the two of 
them are in the ratio of three to seven, and ex aequali the ratio (10) of the 
square of the line ZD to the product of the are BG (11) by the line ZD will be 
as the ratio of nine 10 niné (12) and a third, and the ratio of the product of the 
are BG (13) by the line ZD to the product of the are ZT by (14) the line ZD is 
as the ratio of the are BG to (15) the arc ZT since the line ZD is a common 
altitude to the two of them. Also the ratio of the are BG to ühe are ZT is as 
the ratio (16) af the line BD to the line ZD since the two ares BG, ZT are 
similar and D is the center of the circle. Further, the ratio of the line BD (17) 
to the line DZ is as the ratio of two 10 three, so the ratio of the product of the 
are BG by the line ZD to the are ZT (18) by the line DZ is as the ratio of two 
to three. which is as the ratio of nine and a third to fourteen. Ex aequali (19) 
the ratio of the square of the line ZD to the product of the line ZD by the are 
ZT will be as the ratio of the line ZD to (20) the arc ZT and so the ratio of the 
line ZD to the are ZT is as the ratio of nine to fourteen and the ratio of twice 
(21) the are ZT, the arc HZT, to twice DZ, the line HT, is aë nine to fourtéen. 
(22) But the line HT is the diameter of the circle and the are HAT is half its 
cireumference, so the ratio of the diameter to the whole cireumference (23) is 
as the ratio of nine to twenty-eight, and it is as the ratio of a number to a num- 
ber. So the cireumference turns out (24*) to be threc likenesses of the diameter 
and a ninth. Thus, when that occurred to us we looked into the work of Archi- 
medes in which he says that (25) the circumference of the cirele is less than 
three likenessés of its diameter and ten parts of seventy parts, Î mean (26) the 
soventh, and this is conformable to our dictum, not contradietory to it, since 
the ninth is less than the seventh without doubt. However, (27) he also says in 
it that it (the circumference) is greater than three likenesses and ten parts of 
seventy-one parts, and this (28) is not conformable unless be says ninety-one 
parts in place of seventy-one parts s0 that it is conformable. (29) And according 
+0 us it is no more (serious) than that. We do not suspect any of the ancients 
(of being anything) but beautiful and good, so how much more Archimedes, 
(131":1) the leader in that. If the shaykh is eager to examine the proof of 


these thoorems, which I said are premises (2) for this theorem, before my 
meeting with him, let him write with what he wants of them, in order that L 
might separate it off from the chapters along with their premises (3) and I 
will send it to him and will take great pride in his examining it. God knows 
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theorem since that straight line (15) is always equal to an arc of the 
cireumference of the circle, This is a wonderful thing that has not been men- 
tioned, The example of that. (16) If the arc AEB is part of the circumference 
of the cirele whose (17) centre is G and whose radius is GE, (18) and the center 
of gravity of the are AËB is the point 
D, (19) F say that the ratio of the arc 
AEB to its chord (20) AB is always 
equal to the ratio of the radius, (21) 
EG, of the cirele to the line GD, and 
it is between the center of the cirele 
and the center of gravity of the are 
AEB, (22) i. e.. the point D, and 1 pro- 
ved that the straight line GD is always 
equal to a eurved line from the cireum- 
ference (23) of the circle, AII of these 
things are from the totality of the 
theorems of the Book of Centres of Grn- 
vity. As for the ratio of the diameter 
+0 the circumference (24) (being) equal Fig. 3 (for 130%: 16) 
to the ratio of a number to a sumber 

it is not part of it (the totality), but 

when these facts from (the science of) 

the centers of gravity occurred to us 

(25) we looked into the matter of the Ê 
diameter (compared) with the circum- 
ference and we postulated the semici- 
rele ABG of the cirele whose (26) center 
is D, and the line DB perpendicular 
to the diameter AG, and the point E, 
the center of gravity of the arc ABG, 
and we knew (27) that the ratio of the 
are ABG to the line AG, its chord, is equal to the ratio of the radius of the 
cirele, the line (28) BD, to the line DE, since we proved that concerning 
every section of the circumference of a circle so particularly for the semicirele. 
(29) Then we made the ratio of the line DZ to the line DB equal to the ratio of 
three to two and we drew about the centre D and with distance 

Q31"1) DZ the cirele HZT s0 that tbe point E is the center of gravity of the 
surface of the semicirele HZT also, as we said. (2*) Since the ratio of the line 
BD to the line DE is equal to the ratio of the are ABG to the line AG it is equal 
to the ratio of half (3) the are ABG. the are BG, to half the line AG, the line 
BD, since the point D is the center of the circle, and the ratio (4) ofthe are GB 
to the line BD is equal to the ratio of the line BD to the line DE. Thus the 


Fig. 4 (for 130: 25) 


o 
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10 (21) the ratio of one to four (parts) (22) of the diameter, and of the para- 
boloid (23) according to the ratio of two (24) to six. and of the (hemi) sphere 
according to the ratio of three to eight. Now the planar (figures). As for the 
center of gravity (25) of the triangle (it oceurs) according to the ratio of ane 
to three, and of the parabola according to the ratio of two to five. (26) and of 
the semicirele according 10 the ratio of three to seven, And this is n chart 
for htat. 


(27*) Center of gruvity: 


of the triangle according to one of three (of 3) 
and of the cone according to one of four {1 of 4) 
(28) and of the parabola according to two of five {2 of 5) 
and of the paraboloid according to two of six 20f6 
(29) and of the semicirele according to three of seven 3of7 
and of the hemisphere according to three of eight 3of8 


(130*:1) (1) This is the natural sequence in which we found the centers of 
gravity and we were amazed at the occurrence of this arrangement, Next. (2) one 
theorem is a premise for the discover of the center of gravity of a section of the 
circumference of the circle, and it has premises also. And it (the frst-men- 
tioned theorem) is that (3) if there are two sectors of two concentric cireles, 
and the ratio of the radius of one of the two to (4) the radius of the other is 
the ratio of 3 Lo 2, and they are similar (sectors). then the center of gravity of 
the are of the (5) smaller of the two and the center of gravity of the surface 
of the larger of the two is one. An example of that. If the point E is the center 
of two cireles (6) AB,GD and the line EBD is straight, (7) and similarly the 
line EAG, and the ratio of the line GE (8) to the line EA is equal to the ratio 
of three to two (9) and the center of 

gravity of the are ABis the point Z 

then the point Z is the center of gra- G 
vity ofthe surface GED, the sector, 

also. (10) I proved that in the chapter 

whose (11) premier theorem I sent in 

(12) the writing which I wrote before 

that. In that chapter is also another 

theorem and it is the proof that the 

ratio (13) of every arc toits chordin 

the cirele is equal to the ratio of the 

radius_ of that cirele to the line bet- 

ween (l4*) the center of the cirele 

and the center of gravity of the are. 

and it is a good (and) very remarkable Fig. 2 (for 130% 5) 
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are of the sort of thôse figures which he derived and started with, and that is 
his own investigation (28) into the chords of the ares of the cirele just as Apol- 
lonius looked into the straight line in The Determinate Ratio. (29) For this 
reason L simply must meet with him (Aba Isbäq) and get his opinion and his 
help in the completion of these 

1(130‘:1) theorems, and L hope that the mecting will be soon, God vwilling. 
However, if the shaykh wants that before (2) the meeting and he simply must 
have it, then 1 must bave those theorems which he has and I do not in order 
that I might look into them for the relatioship (3) of their arrangement and 
their method since they are (the right ones) for my business with the theorems 
of the ceaters of gravity. As for the centers of gravity, (4) there remains of 
them a slight thing until six consecutive chapters are finished, four of them 
which E have done here (5) in Basra and two there in Baghdad. Then there 
will be done after that, God the Exalted willing, a chapter in which there are 
problems about centers (6) of gravity and it will be the best of the chapters 
and biggest of them. Next chapters will be appended to this chapter about 
the matters of the centers (1*) of gravities, three or four (chapters about) 
liquid and nos-liquid bodies. After all this (introductory detail 1 turn to) the 
first of these chapters, (8) God willing. As for the four chapters which 1 did 
here. all of them point to (9) an arrangement of deeds of the Creator, to Whom 
belong might and majesty, like the things that are in Archimedes Sphere and 
Cylinder. Are we not (10) astonished at the occurrence of the sphere’s bappening 
{to be) two thirds of the cylinder according to what he described and proved. 
and at the paraboloïd, (11) that it is its (the cylinder'e) half as Thäbit ibn Qurra 
proved, and at the cone that third as the ancients made plain ? (12) And 
s0 we found in the matters of centers of gravity an arrangement more won- 
derful than that. Among them (our discoveries) is that if we rotate (13) the 
semicirele ABG, whose center is D. along with the parabola whose axis is BD, 
and along with the rectilineal triangle ABG (14) around the line BD perpen- 
dicular to the line AG, so that there results from the rotation of the semicirele 
(15) & bemisphere and from the parabola the paraboloid and from the triangle 
a cone, then (16) the cone is a solid for the triangle as the paraboloïd is for the 
parabola and the hemisphere for the 
semicirele, (17) We found the arrange- 
ment for these solide, as regards cen- 
ters of gravity, more wonderful than 
the corresponding arrangement for 
measurement. As for the centers (18) of 
gravity of these solids, (19) the center 
of gravity of the solid of the triangle. © 3 
(20) 1 mean the cone, falls according Fig. 1 (for 129%: 13) 


1 Small letter because it is w continuation of the previous sentence. We left thus for the simplicity of 
printine. And this form is used throught the article. 
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letter, may God extend the duration (of the life) of my lord the excellent 
shaykh, (composed) Sunday, the eighth of Safar, is from a state of health, for 
which I praise (4) God and ask its like for him. The writing of my lord the 
shaykh reached me a long time ago (5) with the praiseworthy, sound investi- 
gation, which is his wont, and 1 wrote a reply to it in which 1 asked things 
10 which (6) 1 am still awaiting an answer, and there was vothing from him 
about that until now. The length of time since he last wrote flls me with 
worry (7) us does the interruption of that praiseworthy subject matter, s0 
L wrote this letter secking to know his news, may God make it good, (8) and 
asking that he complete those things. Among them. may God support him, 
he mentioned to me in the writing that came fram bim his discovery (9) of the 
centre of gravity of a segment of the cireumference of a circle, and that he 
found the proof that the ratio of the diameter to the cirewmference equals 
the ratio (10) of a number to a number, and other results of his, and L asked 
him, may God not deprive science and scholars of him, (11) that he present 
me with the whole of bis discoveries, especially that the ratio of the diameter 
10 the circumference equals the ratio of a number to (12) a number, for it is a 
thing I myself was striving mightily to know and to use. And 1 reminded him 
of what (13) be promised me namely that he will complete his book abont 
centers of gravity and will (send) a copy of it to me, (14*) and the remaining 
theorems of the second book of the treatise of Apollonios on the Cutting-0ff 
of a Determinate Ratio. (15) 1 am returning to and repeating the questions 
about all of that, and if he will be so gracious to me, may God support him, 
as to send it to me, either all together (16) or singly, according to his con- 
venience, along with mention of his news and his circumetances and the course 
of bis affairs and the obstacles of his (17) necessities and whether he intends 
10 return 10 the City of Peace (Baghdad), so that we may feed on hope and 
busy ourselves with wishes, then (18) God knows my longing for his opinion 
and my Jonliness because of his separation (from me). My lord the shaykh has 
power over what he sees (19) and he will grant it (my request) in that (matter), 
God the Exalted willing. (20) Copy of the answer from the shaykh Abü Sabl 
al-Kübt (21) the letter of my lord the excellent shaykh arrived and I unders- 
tood it. L was reassured by his health and I praised God for it, (22) and what 
was mentioned of the book of centers of gravity, the discovery of the center 
(of gravity) (23) of a sector of a cirele, the ratio of the diameter to the 
circumference (being) equal to the ratio of a number to a number, and the 
remainder of the theorems of The Determinate Ratio of Apollonios. (24) As for 
my view, singly, about the remainder of the theorems of The Determinate 
Ratio, my opinion is that there does not follow from it what we want (25) and 
it is not complete except with him and with his help, and its aspect is like what 
was in the theorems that originated with him and with his help. (26°) I also 
thought of something else, namely, that in the beginning of the second book of 
this treatise there are three or (27) four circular figures, and I think that they 
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Third Letter: (Extant, the frst of the present correspondence.) This is written 
by Abü Ishäq to express his worry at the interruption in the correspondence 
and to repeat the requests of the previous letter. 

Fourth Leter: (Extant, the second letter of the present correspondence.) 
Abü Sahl writes to AbG Isbäg and says they must meet soon to discuss the 
theorems in The Determinate Section. He refers to a book he has written on 
centers of gravity, of which he has completed six chapters and plans to write 
four or five more. He introduces his chart on centers of gravity and states two 
theorems dealing with centers of gravity of sectors and ares of cireles. Finally, 
he uses the chart and the above results to show that x has the value 28/9. 
Fifih Letter: (Extant, the third of the correspondence.) From Abü 1shäq to 
Abü Sahl, in wbieh he says he does not believe the ratio of a cireular cylinder 
to a square cylinder of the same height is known. Further, he constructs what 
he believes is a counter-example to the unrestricted validity of the law of the 
lever. After praisiog the lovely relationships revealed in Abû Sahl's chart of 
centers of gravity, he attacks the value of + Abü Sahl derives and cites ite 
inconsistency with the lower bound established by Archimedes. Finally, he 
states a problèm concerning a given cirele cut by at least one side of a given 
angle. 

Sixth Letter: (Extant, the fourth of the present correspondence.) From Abü 
Sahl to Abü Ishäq, in which he diseusses the various senses of the word 
“known” as it applies to ratio as well as the question of when two magnitudes 
are of the same kind, He eoneludes with a proof that the ratio of two cylinders, 
of the same height, whatever level planes be their bases, is as the ratio of these 
bases. Next, Abü Sahl exposes the error in Abü Ishäq'e counterexample to the 
law of the lever, and he shows Chat not every line through the center of gravity 
of a triangle, for example, divides it into two parts having equal areas, In the 
following diseussion, Abñ Sal emphasizes that he has given a proof of the 
law of the lever, and he distinguishes between ‘generally accepted” and 
“necessary” premises, Then he turns to his chart and admits that, although 
he has proved only five of the six entries, the beautiful pattern of the chart 
gives him confidence that the sixth — on the location of the centér of gravity 
of a semicirele — will turn out to be as true as the others. As for the discrepancy 
between the value for 7 obtained from this result and the bounds established 
by Archimedes, he argues that the style of argument in Measurement of the 
Circle, with its use of approximative methods, is quite unlike that of any other 
known work of Archimedes, and thus the work is not genuine. Finally, the 
letter ends with the construction that solves Abü Tshäg's problem and a proof 
of the validity of this construction. 


IL. Translation 


(129*:1) In the name of God, the Merciful, the Compassionate, Î ask him 
for help. (2) The letter of Abû Ishäq al-Säb5 to Abü Sabl al-Kühï (3) My 
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letters in the text referring to points in the diagrams, since they reveal that D 
is wroug whenever C is wrong. Jn addition, D contains errors of its own, 
for example, the “lip of the eye" of the seribe of D on 18°: 11, 12 in passing 
from one fé to the next and so omitting these two lines. The foregoing are 
grounds for believing that D is a copy of C. However, the fact that all MSS 
omit a phrase in 135°: 28 and all have the incorrect ZT (clearly pointed) for 
DT in 139": 7 suggests all three ultimately derive from the same copy of the 
correspondence. 


In the translation parentheses enclose words we have supplied, either to 
amplify the text ben it appears to be elliptical or to enclose trenslations not 
of the text but of what we feel the text must have been when Abü Sahl or Abü 
Ishäq wrote it. Parentheses also enclose references to figures in the manus- 
cripts, and these figures are copied as nearly as possible from AS 4832, They 
are essentially the same as those in the Cairo MS, while the Damascus MS has 
only blank spaces where figures onght to be. 


In trandliterating the letters denoting points in geometrical diagrams we 
have followed the system of Kennedy and Hermelink (17), as far as it goes 
(to shin in the abjad order), which we complete as follows 


mé—d 


ëe=T 


This represents a slight modification of a system proposed by A. I. Sabra 
incorporating suggestions of Y. Dold Samplonius and J. Hogendijk (private 
correspondence from J. Hogendijk). 


The Correspondence in Outline 


Since the correspondence occupies over 20 folio pages and ranges over a 
large number of topics the reader may find the following brief overview of the 
correspondance and its contents useful. 

First Letter: (Not extant) From Abñ Sahl to Abü Ishäq. This letter states 
Abü Sahl's results on the center of gravity of an aré of a circle and announces 
the rationality of 7 . Abü Sahl promises to send a copy of his book on centers 
of gravity as well as the ‘remaining theorems” of Apollonios" The Determinate 
Section, Book 11. 

Socond Letter: (Not extant) From Abü Ishäq to Abñ Sahl. This letter requests 
details on the subjects Abü Sabl has mentioned in the previous letter, especially 
about the value of + . 


Some time passes and Abü Sahl does not reply. This prompts Abü Isbäq 
10 write again. 
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knew, and it contains an extended discussion of a difficult geometrical problem 
not previously encountered in the literature. 

For these reasons we think it worthwhile to present an English translation 
of the entire correspondence, accompanied by an edition of the (text based 
va the Uhree extant manuscripts. Our translation is followed by a series of 
commentaries, including a short study of the metamathematical issues dis- 
cussed and a final commentary 02 the geometrical problem referred to above. 

Our previous study was based on a copy of the Istanbul MS. AS 4832 supp- 
lied to us through the kindness of A. I. Sabra. Subsequently, D. King sent 
a copy of the same correspondence found in Cairo, and the authorities of the 
Zähiriya Library of Damaseus provided a copy of the remaining version of 
the correspondence. 

We employ the following sigla for our discussion of the three MSS. on which 
our edition is based (dates as in Sezgin (30), V, pp. 320, 402): 


(1): MS Ayasofya 4832, 129° — 140" (Sth Cent. Hijra — 11th C. À. D.) 


(C): MS Cairo Där al-Kutub, riyäd. 40m, 209* — 221* 
(from 12th Cent. Hijra — 17th C. A. D.) 


(D) : MS Damaseus, Zähiriya, 5648, 196° — 214" 
(from l4th Cent. Hijra = 20th C. À. D.) 


Both C and D are written in neat hands and are carefully pointed: however, 
D has no diagrams and its seribe has left out phrases and even whole lines in 
several places, Though not so carefully pointed, 1 has a complete text with 
all diagrams and about the same number of scribal errors as C. Thus, we have 
referred our translation to { and have used the notation (X'/ : Y) to denote 
line Y of folio X, side 1 (r) or 2 (v), whereas, (Y) alone refers to line Y of a folio 
already mentioned. terisk following Y refers to the General Commentary, 
Sec. V, and we have included in the text parenthetical references of the form 
(1130*), for example, to indicate where the various folios of the source manus- 
cripts begin. Three orthographie differences betwcen the text of Î and those 
of C and D are that in À “Aristotle" is J&l | , while in C and Dit is 
ki ; in J the name “Euclid” is 4ûl while in D'and C itis pub » 
and D aud C always write »üi for ls 3,9 (although 1 once spelle it 
with a qüf). The closeness of C and D in matters of detail is well-illustrated by 
both referring to the area NLMS on 135": 18 of J as the area LMNS. Another 
example is a series of pious phrases, identical in C and D at the end of letters, 
but which do not appears in Z. On the other hand, there are enough places in 
the imathematical parts where the scribes of C and D have correctly written 
something that is erroneous in À to establish that 1 was not the source of C 
or D. In addition, only in J are letters referring to points in geometrical di 
grams written with bars over them. We have not listed common orthograpl 
Variants, such as Li? ve. 42 ; however, we have recorded variations in 


The Correspondence of Abü Sahl al-Küh1 and Abu 


Ishaq al-Sabr: A translation with Commentaries 


J. L, BerGGReN* 


I. INTRODUCTION : 


In 1979 J. Sesiano and the present author indepeudently presented studies 
of a portion of the correspondence between Abü Sahl al-Kühi and Abü Ishäq 
al-$äbi, (see (29) and (6)). Abû Sahl, who enjoyed the patronage of the two 
Büyid rulers “Adud al-Dawla and his son Sharaf al-Dawla, was famed as a 
mathematician, astronomer and one skilled in the craft of observational ins- 
truments (see Qifti (25, pp. 351-354). In 359 A. H. (969/70 A. D.) he assisted 
in observations of the sun at Shiräz and by 378 A. H. (988/989 A.D.) he was 
sulliciently respected to be put in charge ofthe observations ordered by Sharaf 
al-Dawla in Baghdäd. These observations must have been regarded as being 
of some importance, for ABü Sahl had them witnessed (and the record signed) 
by a group of people including two judges), the celebrated astronomers 
Abü Hämid al-Saghäni and Abü'l-Wafä’ al-Büzjäni. and his correspondent 
Abü Ishäq al-Säbi. Abü Ishäq was a high official under the Büyid rulers 
Mufize and “ze al-Dawla but then fell into the disfavor of “Adud al-Dawla, 
only to be freed from prison by Adud's son Sharaf al-Dawla. He lived bnt six 
years after the observations he witnessed in 378 since, according to E. I. (19), 
he died in 384 (994). The two letters in the present correspondence are the 
only writings on mathematics attributed to him, and he seems to have been an 
enthusiastie amateur whose many official duties left him little leisure for a 
pastime he much enjoyed. 

The studies mentioned in the previous paragraph dealt with but two of 
the many topics discussed in this correspondence, namely the barycentric 
theorems Abü Sahl had proved and, on the basis of one he had conjectured, 
his unfortunate proof that the ratio of the circumference Lo the diameter of a 
cirele is equal to 28/9. (In the remainder of the paper we shall refer to this 
ratio as %, though this symbol was foreign to medieval mathematics) . We 
shall not repeat the contents of those studies here; however, the correspon- 
dence offers us a chance to read the mail of two important figures of the late 
Ath Hijra Century, (10th c. A. D.) whose spirited discussion of mathematical 
issues, conducted with elaborate politeness. reveals much about the attitudes 
of an important mathematician and an interested layman of that time, In 
addition, it tells us more about the travels of Abü Sahl and the people he 
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APPENDIX A 
The Arabic text of al-Bazdawrs 
treatise edited from MS 
Caire Där al-Kutub B 19385 


Ai ee de, 
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Ent ge le aille de Gi 59e 5 ç55 call Gi élill gli 
gl wi Gall des Je sas let, Geÿ es Jai 
: ne call asile élues AT de: Su 
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These results are interesting, but it is clear that a proper survey of the orienta- 
tions of all of the principal medieval religious monuments in Central Asia 
would reveal much more. 


APPENDIX A 


The Arabic Text of al-BazdawT's Treatise 
See pp. of this issue, 


APPENDIX B 
An Addition 10 King 2 


H.P.J, Renaud, on p. 58 of his article on astronomy and astrology in 
medieval Morocco (see Renaud 2 in the bibliography), quotes the ninth-century 
Andalusian historian and jurist Ibn Habib (on whom see the article in EL by 
A. Huici Miranda) as saying that the qibla at Cordova is the rising point of 
the star & Scorpia “because it rises at the corner of the Black Stone.” This 
aimuth was about 309 south of east for the latitude of Cordova at Ibn Habïb'e 
time, and éorresponds précisely to the azimuth of the rising sun at the winter 
solstice. See now the commentary on Paragraph 13 of al-Bazdawis treatise 


above. 
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Transoxania is rather poor, and most modern plaus purporting to give orien- 
tations are not to be trusted.t Also, aerial and satellite photographs of the 
architectural sites in this particular ares are hardly likely to fall into the 
hands of scholars in tbe near future, It is to be hoped, therefore, that future 
researchers will make careful measurements of orientations of individual 
buildings and, when interpreting these, will take into consideration the kind 
of information presented by al-Bazdawi. 


Added in proof: 


(1) In September, 1983, 1 had the privilege of researching in the Library of 
the Oriental Institute in Tashkent. There I came across in manuscript no. 177 a 
work by the late-tenth-/early-eleventh-century legal scholar cum mathemati- 
cian “Abd al-Qähir al-Baghdädi (Brockelmann, 1, p. 482 and SI, pp. 666-667, 
and Sesgin, V, pp. 357) on the divergences of opinion on the qibla in early 
Islamic Iran. This treatise was not previously known to exist, and a study is 
in progress. 


(2) In January, 1984, I was able to measure the orientations of various reli- 
gious edifices in Samarqand. The magnetic declination there is currently en. 
49 E, and my readings with a pocket compass have been adjnsted by ca. 50, I 
anticipate that the values given below are correct to within ea. +50. 

(a) The site identified as à mosque in Afrasiab faces roughly 2450 ( — 250$, 
of W.). that is, towards winter sunset (ca. 2500). On the Jämi* Mosque in 
Samarqand (which faced roughly the same direction), see the commentary to 
Paragraph 9 above. 


(b) The basic orientation of the Shäh-i-Zinde complex (most surviving monu- 
ments date from the fourteenth and fiftecnth centuries) is nortb-south, with 
most mihrâbs rom facing south, according with the ShäfT practice, 

(e) The basie orientation of the B5bi Khänum Mosque (ca. 1400) is in the 
cardinal directions with the mihrab facing due west, thus corresponding to 
the Hanafi practice, 


(d) The tombs of Timur and Ulugh Beg in the Gur-Emir Mausoleum (fifteenth 
century) face ronghly 2550 ( = 15° 5, of W.). I cannot explain this orientation. 
(e) The basic orientation of the Registan complex (built in the 15th-17th 
centuries) is ca, 2000 ( — 20° W. of S. ). Again, this orientation corresponds 
to none of those mentioned by al-Bazdawi. 

{) The Mosque of Khôja Zulmuräd in the quarter known as Chahär-rakh 
(built in the 19th (2) century and still in use) faces ca. 2659 ( — 5° 8. of W.), 
probably intended as an alignment towards due west in accordance with 
Hanatï practice. 


4. See King 7, Section 4.9, for a survey. based mainly où Cohn-IT iener, Pugachenkoru Pugacher- 
hora & Fempel 1 and 2, Zasypkin, and Gofuror & Litrinskis 1 and 2. 
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is about 309 $. of W.. is fortuitous.) À less likely reason may be that the qibla 
was computed from available geographical data: al-BazdawTs data can be 
used 10 derive a qibla of about 40° S. of W. 

IL is instructive to compare al-BazdawT's treatise with a treatise by his 
carlier contemporary from further south, the celebrated scholar Abul-Rayhän 
al Bieünï, Lo his work entitled Tahdid nihäyät al-amäkin, “The Determination 
of the Coordinates of Localities." al-Birünie ultimate purpose was 10 establish 
the geographical coordinates of Ghazna and hence determine the qibla there. 
As well as achieving these ende admirably, he provided us with a riehly- 
documented essay on mathematical geography and spherical astronomy.' 
al-Birüni would bave been dismayed by the weakness of al-BazdawT's reason- 
ing and shallowness of his scientific knowledge, In the Tahdid he wrote as 
follows: 

“.. Let us point out the great need for ascertaining the direction of the 
qibla in order to perform the prayer which is the pillar of Islam... It is known 
that this direction varies with the place at which the direction of the Ka®ba is 
to be determined. This is witnessed in the Sacred Mosque itself, and should 
be more evident wben considered from other places. If the distance from the 
Kafha is emall. its direction may be determined by a diligent seeker, but 
when the distance is great, only the astronomers can determine that direction. 
Every challenge calls for the right men... Some scholars have been discus- 
sing completely irrelevant phenomena, like the directions from which the 
winds blow, and the risings of the lunar mansions. Even the professional 
astronomers find the qibla problem difficult to sole, so you can imagine how 
difficuit it is for the nou-astronomer. 


al-Bazdawi was not the only medieval writer 10 discuss the qibla in Samar 
qand. Bäbur. io ea. 1500, noted that the orientations of the qiblas in the 
Masjid al-Mugatta’ and the madrasa of Ulugh Beg were different, and attri- 
buted the orientation of the latter to the astronomers.* No doubt other such 
discussions are 10 be found in the literature. 


The state of documentation of orientations of Islamic architecture in 


1. This treatise is published by Rulgakov in al: Biräni, translated in Ali. and commented upon in 
Kennedy 1. 

2. ef. Ali, pp. 1-12. 

3. Bubur, 1, p. 80, cited in Sayili, p. 24. 

See also tbe valaahle sed Nemtseva. With regard Lo the qibln corresponding tu Ulugh Beg' 
gcographical coordinates for Samarqand and Mecca, see already E. S. Kennedy'4 comments in Ver 
teva, pe 52. These coordinates are: 


Samurqand 
Mecca 
and the aceurately compared qibla is 53:8,30° W. af S. Accerdine 16 the standard Jalamie approximote 
formula the value would be 50:53. 
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Fig 4. The different qibla for Samargand mentioned by al-Bazdawi 


al-Bazdawi’s knowledge of astronomy was such that be confused months 
and zodiacal signs. He presented various geographical coordinates in his 
treatise, but was apparently incapable of nsing them to compute the qibla, 
even by the simple approximate method which was common knowledge 
amongst contemporary astronomers. The table that al-Bazdawi included in 
his treutise would enable one to lay out the qibla at Samarqand at 450 5. of W. 
It seems probable that whoever computed the table considered this a com- 
promise hetween the Shäf°i qibla (due south) and the Hanafi qibla (due west). 
This is about 109 8. of the direction al-Bazdawi was aiming at, namely, the 
orientation of the Jämi° Mosque of Samarqand, which is at about 350 S. of W. 
The reason for this orientation may well be that the qibla was taken as the 
direction of the setting sun at midwinter, which is at about 3149 S. of W. 
(The proximity of this direction to the modern qibla for Samarqand, which 
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Table 1 
Sample Recomputed Values of 4, (A) for 
9 = 40, € — 23;350, and q — 440, 459, and 460 


45° 


al-Bazdawi) was close enough to Ag ( — 190 according to al-Bazdawi) that 
one could take AL — Ag and hence derive g = 450 by the standard approxi- 
mate method. Alternatively, be may have decided that g — 450 was a happy 
compromise between the qibla of the Shäffïs (due south) and the qibla of the 
Hanafls (due west). Similar situations occur in medieval Andalusian and 
Magbribi sources, where the gibla may be due south, due east, or conveniently 
south-east (see King 2, pp. 370-387, and 3, pp. 190-191). Another possibility 
is that the qibla was taken as south-west in order to “face” the north-east wall 
of the Ka®ba (see further King 7, Section 3 and the commentary to Paragraph 
11 above). 


4, Concluding remarks 


al-Bazdawï informs us that the Sahäba and later Hanafis took the gibla 
in Transoxania as due west, and that the Shäf‘is took it as due south. He 
rightly criticizes both traditions, the latter more than the former, since the 
road to Mecca from Samarqand goes due west rather than due south. He 
himself prefers, without presenting any valid reasons, to accept the orientation 
of the Jämi° Mosque in Samarqand. 
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sources, but none is known to have been compiled for the region of Transoxania 
other than the table of h, which al-Bazdawï is about to present, (AI such 
tables are discussed in my forthcoming Studies in Astronomical Timokeeping 
in Medieval Islam.) 


Unfortunately the table is missing from the Cairo manuseript aud Lwouder 
whether it was also # from the Sohag manuseript. However, al-Bazdawï 
gives sufficient information on his table 10 enable us to investigate its aceuracy. 
He gives the following values of h, for various solar positions: 


Solar position DA 
Aries 10 400 
Aries 20 aie 
Cancer 169 660 (maximum) 
Capricorn 169/199 7? 11e (minimum) 


Firstly, it is not élear whether the table was arranged according Lo solar 
longitude or days of the Syrian ealendar. al-Bazdawï confuses these systems 
and when he implies that the tabulated function reaches its maximum at 
Cancer 169 he is misinterpreting the fact thai the sus enters Cancer ou June 
1éth. Likewise when he implies that the fuaction reaches its maximum at 
Capricorn 169 and. in the next sentence, 190. he is misinterpreting the fact 
that the sun enters Capricorn on December 16th/19th. Since he earlier implies 
(Paragraph 4) that the autumnal eqninox is on September 20th, the change 
from a figure 20 to 16 or 16/19 may indicate that he did not compute the table 
himself, Indeed, I doubt if he had the vaguest notion how the entries in such 
a table would be computed. The function ha (2) for @ — 409 and for g — 450 
does indeed assume a value of about 400 at . = 09 (and even 419 when rounded 
— 101), a maximum of about 69 at the summer solstice à = 909, and a 
imum of about 129 at the winter solstice À — 27° Selected recomputed 
values for @ = 409, & = 23:350, and 4 — 449, 450, and 460 are shown in Table 1. 


From an inspection of these recomputed values, 1 think that it is safe to 
assume that whoever computed the table from which the four values men- 
tioned in the text were taken, was using some approximate means of deter- 
mining the solar altitude in the direction of south-west, Approximate values 
for the equinoxes and solstices could be found very easily (and more accurate 
values by taking additional care) by using an analogue computer device such 
us an astrolabe or by geometrie construction (involving a technique known 
as the analemma). 

The next question for us to consider is how the person who computed the 
table arrived at a value g — 459 for the qibla at Samarqand. There are at 
least three possible answers to this. Perbaps the unknown compiler of the 
table considered that for Samarqand and Meccs, AL ( — 229 according to 
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The time-difference of 24 hours between Mecca and Transoxania given 
by al-Bazdawi is grossly inaccurate. In fact, it is double the correct amount 
lor a longitude difference AL = 200, The time difference should be determined 
by reckoning 1 hour for each 15 degrees of AL, since 24 hours corresponds to 
the 3600 of the apparent daily rotation of the heavens. 


It is unlikely that anyone other than an astronomer would “know the 
truth about the hours.” as far as the determination of equinoctial hours from 
the instantaneous solar altitude is concerned. Simple arithmetical rules for 
regulating the seasonal hours (which, as twelfth divisions of the length of 
daylight, depend on terrestrial latitude and \ary throughout the year) by 
means of shadows are attested in the non-technical literature of the Muslima, 
(A survey of these shadow-schemes is contained in my forth coming Studies 
in Astronomical Timekeeping in Medieval Islam.) 


From al-Bazdawis remark about the shadow at the zuhr prayer we may 
conclude that the Hanafïs in Transoxania performed the guhr some time 
after midday, rather than as soon as the sun had declined from the meridian, 
which is the standard definition. When the horizontal shadow s of a vertical 
object of length r is {gn the solar altitude is 60°, and at midsammer in Trans- 
oxania this is about one hour after midday. Since the midday shadow would be 
about Yn. it may be that the beginning of the zuhr was defined by às — Yn, 
where À is the increase in the shadow beyond its midday minimum. This is 
the definition for the beginning of the zwkr usually associated with Andalusian 
practice (see, for example, King 3, pp. 191 and 193-194). Notice that the time 
defined by s — Yan is much earlier than the 2 2/3 hours after midday which 
al-Bazdawi has just prescribed. 

Finally, al-Bazdawï remarks that the setting sun at midwinter defines the 
qibla in Transoxania. This direction, about 31240 S. of W. for latitude 50, is 
at variance with the direction he advocates in Paragraph 15 by about 150. 
However, it may be that here we have the reasons behind the orientation of 
the Jämi® Mosque in Samarqand. The direction of the rising sun at midwinter 
was used as the qibla in early Islamic Egypt and also in Andalusia (cf. King 1, 
p. 372: King 2. p. 871; and also Appendix B of this paper). 

Given the local latitude &, the azimuth of the qibla g, and the solar long- 
itude À or declination (À), it is possible to determine the solar altitude hy 
and the hour-angle & when the sun is the direction of Mecca, Thus, for example, 
the tenth-century Caro astronomer Ibn Yünus compiled a table of h4 for 
Cairo as a function of solar longitude, giving values in degrees and minutes 
for each degree of solar longitude. which corresponds roughly to each day of 
the year. The corpus of tables which was used in medieval Cairo contains 
tables of both k, and t, as well as of the corresponding functions in the dir 
tion perpendieular to the qibla (see further King 1, p. 368). Various later 
tables of these functions for different latitudes are attested in the Islamic 
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due west, The road from Bukhera to Marw aud Nisapur on the way to Meccu 
is in a direction of rougbly 45° S, of W. Between Nisapur and Rayy (Tehran) 
the road is again roughly due west. (See Le Strange, Map 1 facing p. 1.) Note 
that the fact that the road from Samarqand to Bukhara is more or less due 
west did not lead al-BazdawT to question why their latitudes should differ 
by 20. 

al-Bazdawï is trying 10 say that the sun is in the direction of the qibla 
when it is in the zenith of Mecca, but his explanation is confused by his igno- 
rauce of spherical astronomy. The sun is in the zenith at Mecca at midday on 
two days of the year, namely, when its longitude à is such that its meridian 
altitude 


906 — qu + 3 (A) 
is equal te 909, that is, when 
SU) = pu = 210, 
using al-BazdawT's value for the latitude of Mecca. 


The solar longitudes corresponding 10 the situation & (2) = gw are des- 
cribed by al-Bazdawi here and below as “when the sun enters Gemini” and 
“when the sun enters the sign of Cancer and has moved through twenty 
degrees of it”. Since these positions should be symmetrical with respect to 
Cancer 0°, the summer solstice, al-Bazdawi probably means Gemini 109 and 
Cancer 20, the two solar positions which are 20° on either side of the solstice: 
however, he never specifically mentions Gemini 10. These solar positions 
À — 109/110° implied by al-Bazdawi are approximations, and the correspon- 
ding solar declination is about 220, which is 100 large for em. 

The same method for finding the qibla oceurs in other medieval Islamic 
sources, of which I shall cite just two examples. In the popular Mulakhkhas 
fPEhay'a of Mahmüd ibn “Umar al-Jaghminÿ, compiled in Khwärizm (modern 
Khiva in the U.S.S.R.) in 618H(—1221), the author advocates first the approx- 
imate geometrical construction outlined above and then mentions this second 
method, étating that the longitudes of the sun are À — 67:219/112;399 since 
he uses guy — 21400 and € = 23;350 (see Rudloÿ & Hochheim, p. 272, for a 
translation of this passage). In a Yemeni manuseript of this work copied ca. 
1500, namely MS Cairo Där al-Kutub hay'a 69, the two solar positions are 
copied incorrectly (fol. 18v) as Gemini 7:80 and Cancer 280, ie. } — 67:80/1180, 
which are not even symmetrical respect to the solstice. Again, in an 
Egyptian treatise on the use of the sine quadrant in 24 chapters extant in MS 
Istanbul Topkapi À 3509,7 (copied 676H), the anonymous author solves 3(À) 
= 219 with € = 249 and obtains À = 649/1160 (fols. 318v-319r). In fact these 
values of À correspond to € — 23:359, and the solution of 5 (A) = 21:300 
(another popular medieval value for the latitude of Mecca) with € — 249 is 
= 649/1160! With 3() — 21;300 and € — 23:350 one obtains À — 669/114°. 


12: 


18 DAVID A. KING 


in Mecca was associated with different geographical regions (see King 6 and 
King 7, Section 3.3). Furthermore the Ka°ba is itself astronomically aligned 
(see Hawkins & King and King 7, Section 3.5). Thus someone standing in 
front of the eastern wall of the Ka‘ba is facing ter sunset. al-Bazdawi and 
others, assumed that, since the qibla of Transoxania was towards the north 
eastern wall of the Ka‘ba, it was appropriate to use winter sunset as the qibla 
in Transoxania — see Fig. 3. 


One can only feel sympathy for al-Bazduw's grandfather when he was 
forced to annul the new qibla (towards winter sunset?) that he fouod by 
actually going to Mecca, and ate the erroneous qibla (toward due west?) 
that was generally accepted. 


MOSauE 
% 


north 


<* 


Winier sunset 


ET, 


winter sunset 


Fig: 3: al.Bardaw’s conception of the qibla in Transoxania. The qibla there is towards the 
northeastern wall of the Ka'ba. When standing in front of thie wall one is facing winter sunset. There- 
fore the qibla in Transoxania is towards winter sunset. 


The mode of formulating these two statements that the qibla is due west 
and due south, respectively, is typical of the kind of information contained 
in the early kutub dala'il al-gibla. 

al-Bazdawï favors the western qibla of the Hanafis against the southern 
qibla of the Shäf’is, and quite reasonably invokes the example of the ronds 
from Transoxania to Mecca. The road from Samarqand to Bukhara is roughly 
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printouts of medieval geographical coordiuates described in Kennedy & Haddad 
which have been brought up-to-date by Dr. Kennedy in Cairo during 1978-79. 


For al-Bazdawis eoordinates 1 compute that the gibles (measured from 


the south) for Bukbara, Samarqand. aod Nasaf are: 
51360 518 56:23 
according to the exact formula. and 
49:280 49;0 54:10 
according to the standard approximate formula. (The mudern euvrdinates are: 
Mecca 213270 39:490 
Bukhara 3948 64:25 
Samarqand 39:40 66:58 


s0 that the true giblas for Bukhara and Samarqand are respectively 56:49 and 
59:489 measured from the south. but these are, of course. irrelevant 10 any 
discussion of medieval qiblas or orientations.) 


The expressions “inclined away from the Ka‘ba towards the left” refertiug 
to the qibla in the direction of due west and “to the left of à person praying 
(in the qibla of due west) and 10 the right of the Ka‘ba” referring to the new 
gibla (fa the direction of winter sunset?) are extremely awkward. They seem 
to relate to the direction of the local qibla as seen from the Ka*ba. 

We know from modern excavations (according to a sketch attached to a 
letter from Prof. N. B. Nemtseva to Prof. L. Golombek of the University of 
Toronto and The Royal Ontario Museum dated June 5, 1977) that the qibla 
of the Jaämi* Mosque at Samarqand is about 350 S. of W. This corresponde 
rougkly to the azimuth of the setting sus at midwinter for latitude p — 400 
and obliquity & — 23149, which is about 31449 S. of W., but I have no infor- 
mation on the local horizon at the site to confirm whether this is indecd à 
solstitial aligument. In Paragraph 11 al-Basdowi seems to imply that the 
qibla of the Jämi* Mosque was originally due west and was changed to the 
left, probably towards wiater sunset. Alähu aflam. Finally, it is probably 
quite fortuitous that the aligament of the mosque corresponds fairly elosely 
to the qibla that can be computed from al-Bazdawi's geographical data, 
namely, about 409 S of W. 

It would he interesting ta know how al-Bazdawi checked this qibla when be 
came to Samarqand in the year 473 Hijra, The sun was conveniently in Gemini 
{see below), and he probably checked that the sun was in the direction of the 
qibla of the mosque at a certain time after midday (see below). 


At fret it seems strange that al-Bazdawi thinks one can gain more 
iusight into the matter of the qibla by actually going to Mecea and then 
going back to one's own country. However, each side and corner of the Ka°ba 
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riyäda 238, where che value is 180) and a later eighteentb-century Moroccan 
star catalogue (cf. Delphin, p. 181, where the value is 160). There is a conside- 
rable amount of unstudied material relating to trepidation available in the 
Islamic sources, and more basie research is necessary in this field. See already 
Goldstein and the literature there cited. 


On the longitude values given by al-Bazdawi, sce the commentary to 
Paragraph 8 below. 

On the farsakh, see the article in El, by W. Hinz. The value 19 = 25 far- 
sakhs is attributed to Hermes (ef. the article Hirmis in El, by M. Plessner) by 
al-Birüni. quoting the eight-century astronomer al-Fazäri (cf. ‘li, p. 177 and 
Kennedy 1, p.132). Other values cited by al-Birünï include three values around 
18 or 19 farsakhs autributed to “the Indians.” and to the early ninth-century 
astronomers al-Farghäni and Habasb. Yet other values are attested in the 
Islamic sources: for example, the seventeenth-century scholar Hajji “Abd al- 
“AI T'abrizi of Hyderabad used 19 — 20 to 22 farsangs (ef. Habib, p. 25 of the 
authors typescript). 


8: The remark that the qibla of the Hauañs “has a devation to the right of 
the person prayiug (in the true qibla) and he is (facing) to the left of the qibla” 
is an obscure way of saying that the qibla of the Hanafis. which was due west, 
was too far to the right. al-Bardawi goes on to say that the qibla could only 
be due west if the latitudes of the cities in Transoxania were the same as the 
latitude of Mecca (this is in fact erroneous). 


al-Badawi gives the following geographical coordinates in Paras. 7 and 8: 


Loality Latitude Longitude 
Mecca 21e 67 
Bukbara 38 87 
40 89 
364 88 


coordinates for Samarqand are attested elsewhere only in 
the geographical work of the late thirteenth-/early fourteenth-century Syrian 
&, quoting the unidentified source Kitäb al- Afuodl, 
source has (39;200, 87,500) for Bukhara, (39:00, 88:400) for Nasaf. 

, 67:130) for Mecca. The latitude 380 for Bukhara, which is in error 
by alriost two degrees. is not attested in auy known medieval source. Likewise, 
no known medieval sourées list a latitude for Nasaf less than 390. al. Bazdawi'e 
values for Mecca are common to several early Islamic sources, including the 
geographical work of the ninth-century Baghdad scholar al-Khwärizmi. 
However, al-Khwärizmi has (37:30°, 89:30°) for Samarqand and (37:500, 
87:200) for Bukhara, For this information I have relied on tbe computer 
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al-Baxdawi is stating here that some Shäf‘is took the gibla to be due 
south: this is made clearer in a later passage (see Paragraph 7) when he states 
that their qibla would be correct only if there was no difference in longitude 
between Transoxania and Mecca. The phrase “between the rising point (of 
the sun) at (mid-) winter and its setting point” is an awkward way of refering 
to due south. The qibla at Medina is indeed almost due south. 
6: al-Bazdawï is informing us that the Sahdba took the qibla as due west. In 
Paragraph 8 he states that this qibla was accepted by the Hanafï school. When 
he implies that at the equinox the sun has been in the sign of Libra for 20 days, 
he means that the sun enters Libra about September 20. 


The identifcation of the autumnal equinox with agricultural activity is 
typical of the kind of information recorded in the almanacs that were common 
in medieval times. Examples are attested for Iraq, Egypt, Andalusia and the 
Yemen, but not, as far as I know, for the Eastern provinces of the Muslim 
world. On the almanacs of Ibn Mäsawayh (Baghdad, early 9tb century) and 
“Axib b. Sa‘d (Cordova, 10th century), see Troupeau and Pellat.On a nineteenth- 
century Tunisian almanac, based on a much earlier Andalusian tradition, 
see Samsé 4. On au anonymous Egyptian almanae of uncertain date (but 
certainly earlier than the 18th century), see Munoz. On a late Yemeni almanac, 
see Serjeant. On the origin of certain of these almanacs, see Samsé 1,2, and 3. 


According to Tagisadeh, p. 40,the Avestan time of harvest in Iran began 
on September I4th. The following dates for the sun’e entry into Libra are 
given in Troupeau, p. 135; Pellat, pp. 140-142; and Serjeant, p. 455: 


Ibn Mäsawayh September 22 
al-Birüni 16/17 
al-Qazwini 18 
al-Marzüqf 24 
Ibn “Arib 18/23* 
Muhammad Haydara (20th century) 23 


C according to the Mumtahan Zij (Kennedy 2, no. 51) and Sindhind Zij 
(Kennedy 2, no. 28), respectively; on this, see now Samsé 3, pp. 178-179.) 


One might be forgiven for supposing that al-Bazdawi is suggesting that 
the equinox is at Libra 200. Certain Muslim astronomers adhered to a (false) 
late-Hellenistic notion known as trepidation, which attributes to the equinox 
an oscillatory motion about the sidereally-fixed point Aries 0°. Other examples 
of specific values given to the current distance between the equinox and 
Aries/Libra 0° oceur in later Maghribi sources, such as some prayer-tables 
for Morocco by Muhamamd b. Mubammad al-Jannäd (MS Cairo Taymür 
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Fig. 1 S 
which is equivalent to the approximate formula 
in AL 
Ag 


For a survey of these methods, see my article Kibla in El,, and also King 5, 
Section 2, 
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Fig. 2 : Map of Transoxania (from Le Strange.map IX facing p. 433 
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3. Technical Commentary on al-Bazdawÿs Treatise 


The commentary relates to the wurubered paragraphs in the translation 
in Section 2. 


In the commentary 1 use the following notation freely: 


ha solar altitude in the azimuth of the qibla 

L terrestrial longitude 

Lu Jongitude of Mecca 

n length of gnomon 

g  qibla (measured from the meridian) 

S length of gnomon shadow 

ta hour angle when the sun is in the azimuth of the qibla 
5 solar declination 

AL difference in longitude from Mecca 

As inerease of gnomon shadow over middayÿ minimum 
Ag difference in latitude from Mecca 

€ obliquity of the ecliptic 

+ solar longitude 


terrestrial latitude 


s 


qu latitude of Mecon 


The mathematical problem of determiing the gibla q for any loculity in 
terms of the geographical coordinates of the locality (Lie) and of Mecca 
Lys qu) has the solution: 


= St } sin g cos AL - cos @ tan Pu Î 


sin AL 


where AL = | L — Lu |. Equivalent exact trigonometric or geometrie solu- 
tions were known to Muslim astronomers from the ninth century onwards. 
Also, however, various approximate methods were devised in the ninth cen- 
tury, of which the most popular method, which has been used for over a mille- 
nium, was to use the construction: 
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shadow of any object is the same as it was in Samargand: this (direction) 
will be the qibla of that city, for in a period of one or two. or up to ten, days, 
no more than a small difference (in shadow length) will oceur. and such a 
difference need not he taken into consideration. 


(15) The caleulators have devised another method for finding the gibla and 
laying it out which can be nsed on any day (of the year). Thé sun is in the 
same direction as the Ka*ba at some particular moment on every day (of the 
year), so whoever knows that moment and faces the sun at that moment in 
any of these cities. then that (direction) will be the giblu of those cities. But 
whoever wants to lay out the qibla on any day must learn how the solar alti- 
tude is found, When the sun is iu the Grat degree of the sign of Aries and the 
altitude of the sun after midday is forty degrees, then anyone who faces the 
sun at that moment in one of these cities will be facing the qibla of that city. 
When the sun is in the second degree of the sign of Aries and the altitude of 
the sun after midday is forty-one degrees, then whoever faces the sun in one 
of these cities at that moment will be facing the qibla of that city. In this 
way (the required altitude of the sun) increases degree by degree every two 
days or more, until the sun enters the sign of Cancer and has moved through 
sixteen degrees of it [sie] and when it enters the sixteenth degree and the 
altitude of the sun after midday is sixty-six degrees, whocver faces the sun 
at that time in one of thése cities will be facing the gibla of that city. Then 
{the required altitude of the sun) decreases in this way until thé sun enters 
the sign of Capricorn and moves through sixteen degrees of it [sic]. When 
{the sun) enters the nineteenth [!] degree and you measure the altitude after 
midday in one of these cities and the altitude is eleven degrees, then whoever 
faces the sun in any one of these cities at that moment will be facing the qibla 
of that city. Then the degree(s of the altitude of the sun) start to increase 
every two days or more until (the sun) reaches Aries. 1 have written the 
increase and decrease of the degree (of altitude of the sun) throughout the 
year in a table which 1 prepared, and I bave written this in alphanumerical 
notation which is abed . . ; (for 1234. , . )2® 


[THERE 1S NO TABLE IN THE CAIRO MANUSCRIPT {} 


10. On the ahjad notation for aumbers in Islamic astronomical tables, see Jrani, 
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lators 


md those who practice lines other than arithmetic agree that 
when the sun enters Gemini [and has moved througb ten degrees of it], it 
becomes in the same direction as Mecca when it is midday (at Mecca), (the 
sun being then) like a shield over a man's head, so that there remains no 
shadow anywhere and so they have the expression “there is no shadow left 
in the wells.” Similarly when the sun enters the sign of Cancer and has moved 
through twenty degrees of it, the sun is again in the same direction as Mecca 
when it is (in the zenith of Mecca) at midday, and in every place whose longi- 
tude is the same as the longitude of Mecca, so that if a person faces the sun at 
midday (in Mecca) wben the sun has entered the sign of Gemini [and moved 
through ten degrees of it] or when the sun has moved through twenty degrees 
of the sign of Cancer, then that (direction) will be the qibla of that place. 
Midday at Mecca will be after midday in every place which differs in longitude 
from Mecca and whose longitude is grenter than that of Mecca, such as Bukhara 
and Samarqand, We have already noted the difference between the longitude 
of these cities and that of Mecca; thus the declining of the sun from the meri- 
dian at Mecca takes place only after the midday at the cities of Bukhara. 
Samarqand, and Nasaf, by two and two-thirds hours. So when two and two- 
thirds hours have passed after midday in the cities of Bukhara, Samarqand, 
and Nasaf, // whoever faces the dise of the sun at that moment when the sun 
is at the beginning of the sign of Gemini or the end of the sign of Cancer in 
one of these cities, this will be the qibla of these cities. So if the person is one 
of those who understands the hours he will after finding the hours proceed 
according to what we have explained. If be does not know the hours precisely, 
then when the shadow of every object after midday becomes half (the length 
of the object), which is the time when the followers of Abü Hanifa - may God 
have mercy upon them — perform the £uhr prayer at that time (of the year), 
vis, the summer. whoever faces the dise of the sun at that time in any of these 
cities, this (direction) will be the qibla of that city. If the person is one of those 
who knows the entry of the sun in the zodiacal signs, this is good, otherwise 
he should have récourse to someone who does know this, and inquire, and lay 
out the qibla at that time according to what we have stated. Likewise, when 
the sun has entered the sign of Capricorn, which is at the beginning of winter 
when the day-light is at its shortest, then when the sun has almost set, whoever 
faces the sun at that time in any of these cities of Samarqand, Bukhara, or 
Nasaf, this (direction) will be the qibla of those cities, 


(14) However, the way to make the gibla in Bukhara and Nasaf the same as 
the qibla ofthe Jämi® Mosque in Samarqand is to look at the dise of the sun 
after midday in the city of Samarqand in the Jämi Mosque until it is in the 
same direction as the qibla (of the mosque), and to see how long the shadow of 
any object is, and to measure it, and then to return to Bukhara or Nasaf or 
Karminiya or Kish with haste, and there face the sun after midday when the 
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method of knowing (the qibla) by the easiest means. I pray for God's ultimate 
reward and His guidance // in completing it. relying upon Him for protection 
from slipping and falling into error, and hoping for His good pleasure. 


(1) So Lsay: We explained at the beginning of the book that which proved 
the error of what was introduced by the more recent followers of al-ShAf®i 
concerning the qibla, aud we mentioned that the gibla laid out by those who 
conquered the(se) regions was erroneous, I heard from one of the upright 
legal scholars in whom 1 have confidence that anyone who leaves Mecca and 
gives careful consideration to the matter of the qibla and then goes back to 
Transoxania will recognize that the qibla (there) is inclined to the left of the 
true) qibla. My grandfather, the shaykh, the ascetic imam, Abü Muhammad 
“Abd al-Karïm ibn Müsä, travelled to Mecca as a pilgrim and wbilst there 
thought about the matter of the qibla. When he returned to his own town he 
changed the qibla of bis mosque to the left of the person praying, ie. to the 
right of the qibla(?), because he had become certain of the error of the (first) 
qibla. But then he annulled (the new qibla) and put (the qibla) back to what it 
had been previously, on account of the peoples gossiping so much, because 
ignorance together with fanaticism prevailed amonget the unlearned of his 
town. IL heard this (story) from honest and reliable people. Likewise, the ex- 
perts in arithmetie were of one mind and changed the qibla of the Jämi° Mosque 
in Samarqand from what it had heen to the left of the person praying, aud 
the religious leaders of both schools agreed upon it. Their agreement indicated 
the error of both qiblas. 


(12) The position of the followers of our school (i.e. the Hanafis) that the 
Pole Star should be aligned with a person’s two earlobes when he wishes to 
pray is incorrect, since this would be correct if the latitude of Mecca and the 
latitude of that region were equal, wbich is not the case. Iadecd, there is à 
large difference in latitude between them, as we have shown. The statement 
of some of the followers of al-Shäfifi that the Pole Star should be at the neck 
of a person when he wants to pray is also completely erroneous.// It would be 
correct only if the longitude af Mecea and the longitude of these cities were 
equal, and we have shown that this is not the case. The opinion of the follo- 
wers of al-ShäfI is more erroneous thau the opinion of the followers of Abü 
Hanifa and those who conquered this region, because the roads in this region 
(leading) to Mecca were laid out by the ancients towards the setting point of 
(the sun at) the equinox, and they did not lay them out towards [what is 
between] the setting point of (the sun at mid-) winter and its rising point, 


(13) 1 shall now demonstrate a method for finding the qibla in the cities of 
Transoxania- Bukhara, Samarqand, and Nasaf, and the towns and villages 
which belong to them in such a way that people can understand. The calen- 
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and Samarqand the difference is greater. Thus it is not correct at all that the 
person fucing the setting point of (the sun at) the equinox is facing Mecca, 
because of the large difference in latitude betwcen the two. close to five 
hundred (test has: lifty) farsakhs. Because the sun sets at the equinox to 
the left of Mecca and not in a direct line with Mecea, the person facing west 
où that day will not be facing Mocca. This error oceured ou Cheir part simply 
because they laid (the qibla) down in approximation, without having any 
Knowledge of caleulation. One who uses an approximation is acting without 
adequate evidence; he is in fact funetioning by the dictates of the heart, The 
one who judges by approximation often errs, but despite this he may (validly) 
pray if he has no other evidence. The prayer of those who have no adequate 
evidence is permissable and likewise the prayer of those who follow them, but // 
when someone has revealed their error with the correct evidence, they may no 
longer pray towards the qibla (that has been shown to be incorrect). 


(2) During the time of my stay in Samarqand, when L was a judge at the 
hadra, V heard some people in whom 1 bave confidence say that the religious 
scholars took it upon themselves 10 make a thorough investigation of the 
qibla laid ont by those who had conquered the region of Transoxania, and that 
they agreed that it was inclined away from the Ka*ba towards the left (?). 
So they had recourse to those who are experts in calculation and who have 
insight in this matter and they laid ont for them a qibla to the left of the 
person praying and to the right of the Ka*ba (?). ie. it is between the qibla 
of the followers of Abü Hanifa — may God have merey on him — and that 
introduced by the (more ?) recent followers of al-Shäf°i - may God have 
mercy upon him. They laid out the qibla of the Jämi* Mosque in Samarqaud in 
the same direction, and the followers of Abü Hanifa and al-Shäffi at that 
time agreed on this, ie. à qibla which has not inelination in any direction 
{from the true direction of Mecea). I checked it when I came to Samarqand in 
the year four hundred and seventy-three and the sun was in the sign of Gemini: 
1 found it correct and proper. 


(10) Afterwards when I realized that this vain and absurd disagreement 
concerning the qibla between the followers of Abû Hanifa and the recent 
followers of al-Shäf*ï is a disagreement of ignorant men who do not really 
know — since anyone who really knows the qibla would say that both parties 
are wrong, while anyone who has no true knowledge but does have piety and 
normal adult intelligence will not enter into an argument over the qibla but 
will acknowledge that he does not know, so that the dispute will continue 
only between unlearned men who have neither piety nor normal adult intelli- 
gence together with precise reflection — I felt a desire to compose a short work 
on the question of the qibla in which 1 would show what is right and demon- 
strate it with brilliant reasoning from the evidence and also show in jt the 
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Trausoxania and Khurasan should be between the rising and setting point of 
{the sun at mid-) winter only if these cities have the same longitude as Mecca, 
or if the longitude of those cities is close to the longitude of Mecca, like the 
longitude of Mecea (as compared) with the longitude of Medioa. By“longitude"” 
is meaut the distance of the city from the sea in the west which encireles the 
earth (ie the Atlantic), The distance of Mecea from the sea in the west is sixty- 
seven degrees, aud the distance of Bukhara // from the sea in the west is 
cighty-seven degrees, and the distance of Samarqand from it is eighty-nine 
degrees, and the distance of Nasaf from it is eighty-eight degrees. Thus the 
difference between the distance of Mecca and the distance of Bukhara is 
twenty degrees, and each degree is approximately twenty-five farsakhs, so that 
the longitudinal difference between Mecca and Bukhara is five hundred farsakhs 
ur thereahouts. The differences in longitude between Samarqand and Mecca, 
and between Mecca and Nasaf, are greater than this. So whoever (in these 
parts) puts his face in the direction between the rising point (of the sun) in 
winter and its setting point will certainly not be facing Mecca. There is about 
five hundred (text has: ffty) farsakhs" distance in longitude between (Mecca 
and these parts), so whoëver puts bis face in the direction between the setting 
point (of the sun) in winter and its rising point knows with certainty that 
he is not facing Mecea because the distance in longitude between Mecca and 
Bukhara is five hundred farsokhs. Thus the error in what recent scholars of 
the Sh&ffï school introduced in the qibla is established with certainty. 


(8) The qibla laid out by those who conquered this district, which is (the qibla) 
used for prayer by the followers of Ab Hanïfa - may God have merey upon 
him, has a deviation to the right of the person praying (in the true qibla) and 
he is (facing) to the left uf that qibla (i. +. due west). Thus the face (?) of the 
qibla .  .[LACUNA?] … is to the east (!!), for we have stated above that this 
qibla is towards the setting point of (the sun at) the equinox. vix., is at the 
middle of the setting points of the sun. The setting point of (the sun at) the 
equinox is not equal . . . [LACUNA?]. . . for these cities in latitude (2). This 
would be correet only if the latitude of these // cities and the latitude of Mecca 
were the same (or) their latitudes were close, so that the (person) facing the 
sotting point of (the sun at) the cquinox would be facing Mecca. But there is a 
large difference in latitude between Mecca and these cities, for the latitude of 
Mecea is twenty-one degrees. the latitude of Bukhara is thirty-eight degrees, 
the latitude of Samarqand is forty degrees, aud the latitude of Nasaf is 
approximately thirty-six degrees. By “latitude” is meant the distance of the 
locality from the equator, which is mid-heaven [1]. Now all the inhabited part 
(of the earth) is in one of the tw0 halves of the earth, namely, the half which 
is to the left of the qibla (22). The latitudival difference between Mecca and 
Bukhara is sixteen degrees, each degree being close to twenty-five farsakhs, 
so that there are four handred farsakhs between them, and between Mecca 
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(5) Some of the more recent followers of al-Shä8° in Transoxania and Khu- 
rasan who had never smelled the fragrance of arithmetic found fault with the 
righteous men of the Grst generations and they made the qibla in the direction 
between the rising point (of the sun) at (mid-) winter and its setting point. 
They relied on two Prophetie statements, one of which is their relating from 
the Prophet — may (God) bless him and grant him salvation — that he said: 
“The qibla is between the east and west,” and the second is their likewise 
relating from him — may (God) bless him and grant him salvation — that he 
said: “Do not face towards or away from the qibla when you are rclieving 
yourself; rather face east or west.”* The authenticity of these two Prophetic 
sayings is not recognized because the reliable authorities did not relate them 
ia their books? Furthermore even if the reports are true, it is plain for any 
intelligent person that the argument bascd on these reports is not valid, for 
every intelligent person knows by immediate intuition that the qibla of all 
localities is not between the east and the west. The qibla of some Jocalities 
only is (in this direction), There is no (mention) in the statement of the Pro- 
phet — may (God) bless him and grant him salvation — that this qibla is the 
qibla of any (particular) place, and therefore one cannot rely on these two 
Prophetic statements. If they say/{ the Prophetic statement: ®the qibla of the 
people of Iraq is between the east and the west” is related, then we reply that 
this addition (viz. “of the people of Iraq’) is not authentic becanse Iraq had 
not been conquered in those days. Rather it is more probable that what is 
intended by these two Prophetic statements is the qibla of the people of 
Medina, for it is (indeed) between the east and the west. 


(6) When the righteous first generations conquered the(se) lands, they made 
the qibla of Transoxania and Khurasan at the setting point of (the sun in)the 
autumn, which is the setting point when day and night are equal. When the 
sun has entered the sign of Libra and twenty days have passed [of the month 
of Aylül (= September)!] s0 that (the sun) has moved about twenty degrees 
(during that month), then whoever faces the sun at sunset (is facing) the qibla 
laid out by the men of the first generation. (The season) is the time when the 
peasants of Bukhara finish sowing wheat and barley. The situation is the same 
when the sun bas entered the sign of Aries. 


(7) The distorted qibla which is accepted by the Shäffite school is altogether 
erroneous. That it is erroneous is obvious to anyone of normal adult intelli- 
gence who has given a modieum of thought (to the matter), let alone having 
smelled the fragrance of arithmetic. It is correct that the gibla of the cities of 


7. See Wensinek, V, p. 259b for references to this hodith. 
8, This hadfh is not in the canonical collections. 
9. This is true only of the second hadith quoted: see notes 7 and 8 above. 
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wherefore one has to know in which direction is the Ka®ba, Imams in the first 
generations - may God bave mercy on them - formulated many (legal) prob- 
lems relating to each of the conditions (of prayer) and they expounded solu- 
tions demonstrating their correctness; they were not satisfied to follow the 
authority of others in these (matters). Likewise they formulated many solu- 
tions to problems relating to (obligatory) alms-giving //, even though most 
people do not need to know the solutions to such problems. They (also) for- 
mulated solutions to many problems relating to fasting, even though there 
was not much need to know the problems and solutions relating to it. They 
(further) formulated the solutions to many problems relating to mariage 
and divorce, sales and crimes, and to other problems as well, relating to every 
{conccivable) subject. Even though ordinary people have no need of solutions 
10 such problems most of the time, they (vx. the imams) pursued the evi- 
dence that leads to the correct solution of these problems, thought about 
them, and were not content to follow the authority of others, speculating on 
behalf of the people as a whole, so that when an individual happened 10 need 
a particular response he should find it or something similar 10 it and not be 
perplexed about it. Abü Hanïfa - may God have merey upon bim — was our 
leader in formulating the solutions to problems, reasoning on the basis of their 
evidence, and his followers after him thought about those solutions, as did the 
other legal scholars of the community — may God have mercy upon them. 
Solutions for which they found provative evidence to indicate their validity 
they adhered to and asserted as valid, but where no provative evidence of the 
correctness (of a solution to a given problem) became apparent to them, they 
rejected it, and were not content to follow the authority of others. 


(4) Now most of the imams of the first generations avoided thinking about 
the matter of the qibla and were content to follow the authority of others, 
even though the laying out of the qibla is not a matter in which one is obligated 
+0 follow the authority of another. They did this only because they did not 
have the means (&/a) to know the qibla, since the qibla can be known only by 
the science of arithmetie, and they had no insight into calculation, Accordingly 
they followed the authority of others becanse of their inability to find it by 
using (the traditional method of invoking) legal evidence. Most of the imamé 
of the first generations had not made any efforts (ijtahadf) in arithmetie, and 
some of the followers of our school had // insight into it and so sougbt solutions 
+0 the problems relating to the qibla and they got them right. But the (imams) 
did not compile any books on (the subject) because of the abstruse nature of 
arithmetie, and because most people, especially the legal scholars, avoided 
arithmetie, Some of them did compile books but they compiled them in such 
a way that they were so difficult to comprehend that only those thoroughly 
familiar with arithmetic could understand what was in them. So these books 
fell into disuse and everybody ended up relying on established authority. 


1, 
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Translation of al: Basdauwÿs Treutise 


“There follows a free trauslation of al-Bazdawi's treatise. Words in parenthesc< have no counterpart 

iginal and have been added -o claify the meuniag. In several the ineaniug of the téxt is clenr, 
Page references in the margin relate 10 the pagination of the Caira mauwseript.The paragraph numbers 
accord with those used by me in the edition of the text presented in the Appeudix. 


Treatise on the Azimuth of the Qiblat 


() In the Name of God, the Merciful and Compassionai 
the Most High, the Mighty, the Mild, the Benificeat, the Wise, the Knowing. 
the Ruler, the Truth, the Revealer, the Possessor of strength and power, the 
Firm* — for the (different) kinds of virtues, bigh moral standards, and  o0d 
qualities with which he has blessed us. Blessings upon His chosen, faithful, 
slected, and distinguished Prophet, and on all of his puré family, his compa- 
nions, and his wives, 


(2) The shaÿkh, imam, the gallant master the leader of Islam, Abu'l-Yusr 
al-Bazdawi® may God have merey on him. sai 


The greatest of the religions observances after faith in God — may He Le rxalted — 
is prayer* for the Prophet - may (God) bless him and grant him salvation — said: 
“Prayer is the pillar of religion; whoever negleets it has destroyed (his) faith."” 


He considered faith without prayer 10 be like a rained house. and a rained 
house is a house but is no (longer) of any use. This Prophetic statement shows 
us that prayer is one of the greatest of the religious observances, and that 
anyone who neglects it indeed invalidates his faith.* 


(3) Now anyone who necds to perform the prayer sevéral times cach day 
cannot perform it except after he knows its basic elements and conditions, One 
of the conditions required in every prayer is that one should face the Ka°ba, 


2. These are sorue of the ninety-hine names of God, on which see the article *‘al-Aema* al-iusru 
in ER by L. Gardet 

3. al-Bazdaw is nowhere else aamed in the Cairo manuseript. Later ia the text he mentions ht 
he was à judge in Samarquad (paragraph 9). and that be arrived in Samargand jn 473 Hijra 
{paragraph 9), and he also names his grand-father (paragraph 11). 

4. The word al-yaldt x here omitted from the Arabic text ! The prayer intended is the ritual litur- 
gical prayers, on which see the article **Salät"" in El, bÿ A. J. Wensinek, 

5. On the statements artributed 19 the Prophet Muhammad see the article “Hadith” ju El by 
1. Robson. À concordance of the canonical Hadith literature is Wansinek, but this particular Hadith 
does not oceur in the canoniéal collections. 

6. Note that the text bas là yubafilu/yubtilu Eménahu, ‘does not invalidare his aith@” and L have 
emended 1his to la-yuboftilu/yubtilu Fmänahu. 
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The treatise presented ia this study deals with the determination of the 
gibla in early Islamic Transoxania® It aflords new light on qibla detsrmina- 
tions in early Telamie practice and contains information which will be useful 
to historians of Islamic architecture when the religious architecture in Trans- 
oxania is properly surveyed for the first time. The author of the treatise, 
Abu'l-Yusr al-Bazdawï, was a gâdi in Samarqand in the late eleventh century 
and was a Hanafi scholar of some standing. He was the author of several 
works on law, including a commentary on the major work of Abu Hanifa, 
alter whom the Hanafï school is named, and a commentary on a work of Abu 
Hanifa's student al-Shaybänï, who was one of the founders of the Hanafï 
school, The nisba al-Bazdawi indicates that our author or his family origi- 
nated from Bazda or Bazdawa, a small town with a castle on the road between 
Nosaf and Bukhura." 

al-Bazdawie treatise is estant in a manuseript preserved until recently 
in Sohag in the Nile Valley, but the manuscript is now no longer in the Library 
of Sohag. The authorities there say that the manuseript has been taken to 
Cairo, but L'have been unable to ascertain its fate more precisely.* However. 
a hand copy of the Sohag manuseript, prepared in 1936, is preserved in the 
Egyptian National Library, numbered B 19385 and containing twelve pages of 
text." This study is based entirely on this late copy I present a translation 
of al-Bazdawis treatise (Section 2) and a ommentary thereon (Section 3), 
as well as an assessment of al-BazdawT's understanding of the gibla problem 
and of his suggestions for its solution (Section 4). The Arabic rext edited from 
the Cairo copy is also presented (Appendix A). 


5. A good introduetion to the area is Le Strange. 
On al-Bazdawt, see Firockelmann, 1, p. 460, and S1, pp. 637-648, and Sesgin, L, pp: 412 and 428. 
. Le Sirange, pe 471. 

8. Iris à pleasure 10 thaok y frieud Mr. Peter Mackenzie-Smith, formerly of th Buitidh Couvcil 
in Cairo, and bis frienls amogst the British VSO teachers in Sobag, for making enquirios about the 
mauuseript on my behalf. 

9. This mannseript was Bret catalogued in Sayyid, 1, p. 397. The letter B iadicates hat it belongs 
Lo the manuseripts dealing with religion thot were aequired by the Egyptian National Library between 
1936 and 1955. 

10. The importance of the treatise was firat recognited during my recent survey af 1he seies 
muvuscripts in the Euyptian National Library. See further Cairo Cot., vol. L. sub B 19345; vol. 11. 
Section 3.3.2: and Survey, no. B8B. 


Al-Bazdawï on the Qibla In Early Islamic Transoxania 
Davio A. Kino* 


1 - Introduction 


In the seventh century, within decades of the death of the Prophet Mu- 
hammad, the Muslims conquered a area stretching from Andalusia to Indiu, 
Wherever they settled they built mosques oriented in the qibla, that is, s0 
that the prayer-niche or mikréb would be facing Mecca, in accordance with a 
Quranic iojunction that Muslims should face the sacred compound in Meceu 
during prayer? The orientations of the earliest masques built by the Sahäba, 
the contemporaries of the Prophet, and the Tabi‘än, the next generation of 
Muslims, were established by non-mathematical procedures. The gibla was 
defined in terms of the cardinal directions, or by the rising and setting of the 
sun or stars, or by the wind directions 

The determination 6f the qibla by mathematical means is a complicated 
problem of mathematical geography, which was pursued with enthusiasm by 
Muslim astronomers from the ninth century onwards. To solve the gibla 
problem, one requires a knowledge of terrestrial cogrdinates and a trigouo- 
metrie formula giving the direction from one locality te another on a terres- 
trial sphere Lists of such coordinates and statements about the appropriate 
formule are attested in numerous medieyal sources.* [nevitably controver- 
sies arose in different localities about which qibla directions were legally 
acceptable, and the records of these discussions constitute documents of 
considerable interest to both the history of Islamic science and the history of 
Islamie architecture.* 


* David A. King: Institu für Geschichte der Naturwissnschaften, Johann Wolfgang Goethe 
Universität, Frankfurt a Main, FRG, formerly of the Department of Near Eastern Language 
aud Literatures, New York University, New York, USA. 


Ackneledgements: 

The research on medieval Hélamic science conducted at the American Research Center ia Egypt 
during the period 1972-1979 was sponsored mainly by the Smithsonian [nstitution (1971-79) and the 
National Seienee Foundation, Washington, D. C, (1972-80), the Ford Foundation (1976-19), and the 
American Research Center in Egypt (1979). This support is gratefully acknowledged. 

It is a pleasure to tbaok the Egyptian National Library for providing à ricrofbn of the copy of 
al-BañdawT'a treatise on which this study is based. 1 owe many of tbe finer point of the text edition 
and translation of al-Bazdawi's treatise to discussions with my friend Prof. Richard Frank of the 
Catholic University of Amerien, khayr aLnudanë" weo-"andamuhum. begua on board MTS Argonaut on 
the Red Sea aud coucluded in Cairo. 

1. See the orticle *Kiblu (ritual and legal aspects)” in El: by À. J. Wensinck. 

2. See King 5 and also King 7 (fortheoming). 

3. See my article “Kibla (astronomieal aspects)* in EE, aad also King 7, Section 2. 

4. Sec already Renaud 2 on the qibla in the Magbrib, Kang 2 on the qibla in Audalusia, and King 1, 
pp. 368, and 4 on the qibla in Egypt. More details are wive in King 1, Section 4, 
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